
AN EMPIRICAL FRAMEWORK FOR MATCHING WITH IMPERFECT
COMPETITION

MONS CHAN∗, KORY KROFT†, ELENA MATTANA‡, ISMAEL MOURIFIÉ⊛

Abstract. This paper develops and estimates an equilibrium model of wage-
setting that incorporates rich two-sided heterogeneity and strategic interac-
tions. We provide a tractable characterization of the model equilibrium and
demonstrate its existence and uniqueness. This characterization of the equilib-
rium allows us to derive comparative statics and to gauge the relative contri-
butions of worker skill, preference for amenities, and strategic interactions on
equilibrium wages. Using instrumental variables and exploiting firm optimiza-
tion, we establish identification of labor demand and supply parameters and
estimate them using matched employer-employee data from Denmark. We use
our estimated structural model to perform counterfactual analyses to provide
a quantitative evaluation of the main sources of wage inequality in Denmark
and assess the role of strategic interactions.

Keywords: Compensating differentials, Inequality, Imperfect competition, Matching equilibrium, Oligop-

sony, Strategic interactions, Sorting.

JEL subject classification: C78, D3, J21, J23, J31, J41.

Date: The first version is of April 2nd, 2019. This present version is of October 6, 2025.
We thank Victor Aguirregabiria, Karen Bernhardt-Walther, Stéphane Bonhomme, Antoine Djogbenou, Yao
Luo, Thibault Lamadon, Magne Mogstad, Suresh Naidu, Marcin Peski, and Aloysius Siow for helpful dis-
cussions, and seminar audiences at Aarhus University, Columbia University, Duke University, Notre Dame
University, Princeton University, Queen’s University, University College London, University of Bergen, Uni-
versity of British Columbia, University of California, Berkeley, University of Chicago, University of Illinois
Urbana-Champaign, University of Michigan, University of Virginia, University of Western Ontario, Univer-
sity of Wisconsin, Madison, University of Toronto, US Census and Washington University in St. Louis.
We thank Renato Zimmermann for excellent research assistance. The research was conducted in part when
Ismael Mourifié was visiting the Becker Friedman Institute (BFI) at the University of Chicago. Mourifié
thanks his hosts for its hospitality and support. Elena Mattana acknowledges financial support from the
Carlsberg Foundation, grant CF23-1544.
∗ Department of Economics, Queen’s University. mons.chan@queensu.ca.
† Department of Economics, University of Toronto, & NBER. kory.kroft@utoronto.ca.
‡ Department of Economics and Business Economics Aarhus University. emattana@econ.au.dk.
⊛ Department of Economics, Washington University in St. Louis & NBER. ismaelm@wustl.edu.



AN EMPIRICAL FRAMEWORK FOR MATCHING WITH IMPERFECT COMPETITION 1

1. Introduction

It is widely recognized that workers with similar skills earn different wages depending on
the firms they work for (Abowd, Kramarz and Margolis, 1999). Recent evidence has also
shown that high-wage workers tend to work at high-wage firms. These empirical regulari-
ties are difficult to rationalize through the lens of the standard competitive model of wage
determination, particularly given the observation that in many local labor markets the num-
ber of potential employers is relatively small, suggesting a role for concentration.1 A recent
literature has developed models to investigate the role of labor market power in generating
firm-specific pay premia and worker sorting.

One strand of this literature has focused on models that allow for rich heterogeneity across
workers and firms, but assumes that firms are “atomistic”, ruling out strategic interactions
in wage-setting (Card et al., 2018, Lamadon, Mogstad and Setzler, 2022, Azar, Berry and
Marinescu, 2022). While these models can explain firm-level pay premia and worker sorting,
they cannot explain the link between market structure, employer concentration and wages.

Another strand of the literature has considered models with strategic interactions in wage-
setting (Berger, Herkenhoff and Mongey, 2022; Jarosch, Nimczik and Sorkin, 2024). How-
ever, these frameworks typically abstract from skill heterogeneity across workers and thus
cannot capture earnings differences arising from standard competitive forces such as human
capital or match-specific production complementarities—commonly referred to as Roy sort-
ing. Thus, they cannot explain why high-wage workers sort into high-wage firms and the
distributional consequences of monopsony and market power.2

When both two-sided heterogeneity and strategic interactions are present, neither model-
ing approach on its own can fully account for worker and firm outcomes. However, technical
difficulties have limited progress in the literature. As Lamadon, Mogstad and Setzler (2022)
write: if local markets are segmented by geography or location, then strategic interactions
can play an important role, but “identification of such interaction effects is challenging with
two-sided heterogeneity”.

In this paper, we develop and estimate an equilibrium model of wage-setting that incor-
porates two-sided heterogeneity and strategic interactions, often referred to as “oligopsony”.
On the theory side, we provide a tractable characterization of the model equilibrium and
demonstrate its existence and uniqueness. This characterization delivers comparative statics
linking firm-specific technology shocks to wages and enables counterfactuals that parse the
1A growing number of studies have documented a link between concentration and wages. See Arnold (2021),
Prager and Schmitt (2021), Benmelech, Bergman and Kim (2022), Rinz (2022), Azar, Marinescu and Stein-
baum (2022), and Schubert, Stansbury and Taska (2024).
2He and le Maire (2022) study mergers and acquisitions in Denmark and show that high-wage managers
were replaced in target establishments of mergers. This illustrates the importance of having a framework
that accounts for worker heterogeneity within establishments. This is consistent with the view of mergers
emphasized in Shleifer and Summers (1987).
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contributions of worker skill, preferences for amenities, and strategic interactions on equi-
librium outcomes. On the empirical side, we demonstrate how instrumental variables (IV)
combined with firm-optimality conditions identify labor supply and labor demand param-
eters. We estimate the structural model using Danish firm balance sheet data linked to
matched employee-employer data for 2001-2019. Our strategy leverages output market data
to identify the marginal revenue product of labor (MRPL) and labor market data to estimate
labor market elasticities—and thus the markdown of wages relative to the MRPL.

With the estimated model, we quantify the extent of labor market power and how it varies
across workers and firms. We then run counterfactuals to isolate the role of strategic inter-
actions in shaping equilibrium outcomes and to decompose the sources of wage dispersion.
These analyses allow us to explore how different scenarios might affect wages, profits, con-
centration, and welfare, providing valuable insights into the mechanisms at play in the labor
market. To our knowledge, this paper is among the first to develop a general equilibrium
wage-setting model under imperfect competition, establish existence and uniqueness of the
equilibrium, derive comparative statics, and explore various counterfactual scenarios.

Our equilibrium model of the labor market builds on existing models of monopsony in
three key ways. First, we allow worker skills to be multidimensional and match-specific
and we allow both deterministic and stochastic preferences over employer amenities.3 This
flexibility means that worker productivity can vary across firms, which allows for rich sorting
patterns and captures the key features of the Roy model (Roy, 1951). Our setup generalizes
existing approaches that restrict skills to be homogeneous across workers or allow only for
one-dimensional heterogeneity. Our labor supply model also lets the wage coefficient vary
with worker characteristics. This allows us to investigate how labor market power varies
between workers and therefore contributes to our understanding of wage gaps, which was
one of the original motivations for studying monopsony (Robinson, 1933). We illustrate this
by empirically examining the gender wage gap and the role of market power.4

Second, we contribute methodologically by establishing general conditions on worker pref-
erences and firm production technologies that guarantee existence (Theorem 1) and unique-
ness (Theorem 2) of the equilibrium. Our uniqueness result is more general than the one
obtained by Nocke and Schutz (2018) because it does not depend on the aggregative game
structure that arises from the Nested Logit framework combined with a specific type of
production function. Instead, our approach accommodates a broader class of preference
shocks (and thus substitution patterns) and production functions, making it significantly

3We allow stochastic preferences to be correlated within local labor markets and the correlation parameter
is market-specific. This implies that the markdowns in our model will vary across local markets. They will
also vary across firms since they depend endogenously on firm-specific market shares. The heterogeneity in
markdowns across workers and firms plays a key role in our counterfactuals as discussed below.
4Tino (2024) usefully applies our empirical framework to understand the pay gap between immigrants and
natives and finds an important role for labor market power and worker sorting.
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more flexible and widely applicable. We show that, under these conditions, globally conver-
gent methods such as Gauss-Siedel or Jacobi iteration can be employed to find the unique
equilibrium of the model (Proposition 1). This has an important advantage in empirical
settings since it allows one to solve efficiently for the equilibrium, which is useful when per-
forming counterfactual analyses. We use the same conditions to derive comparative statics
and show analytically how the presence of strategic interactions amplifies the passthrough of
productivity shocks (Proposition 2). Our results do not rely on any parametric assumptions
on the preference shock distribution and, to our knowledge, are new to the literature.

Third, we demonstrate that our framework leads to a natural measure of market-level
concentration known as the “generalized concentration index” (GCI), which is based on the
generalized entropy concept introduced in Galichon and Salanié (2022). We show that under
certain conditions, increases in market concentration can negatively impact social welfare.
In the case of Nested Logit preferences, the GCI can be expressed as a weighted function
that incorporates both “within-nest” concentration values, and a “between-nest” component.
As noted by Maasoumi and Slottje (2003), this property of a concentration index is partic-
ularly valuable when accounting for heterogeneity across local markets. It allows for a more
precise identification of the primary sources of concentration and facilitates the examination
of the potentially varied effects of policy changes—such as minimum wage reforms—on spe-
cific markets, specific worker types and on overall market concentration. In contrast, the
widely used Herfindahl-Hirschman Index (HHI) lacks this decomposability feature, limiting
its effectiveness in such analyses. We leverage the GCI’s flexibility to examine how strategic
interactions shape concentration across worker groups and, in turn, social welfare.

Turning to the results of our empirical application, our estimates of labor supply indicate
an average wage elasticity across worker types and establishments of 3.891. This implies that
wages are marked down by roughly 22 percent below the MRPL. There is significant hetero-
geneity in labor supply elasticities—and therefore markdowns—across establishments and
worker types: the 10th and 90th percentiles of the distribution of markdowns are equal to
0.692 and 0.849, respectively, implying that wages are marked down by 31 and 15 percent be-
low the MRPL. Establishments that are larger in their local market tend to face smaller labor
supply elasticities, and thus have more labor market power. In terms of heterogeneity across
workers, our analysis shows that younger individuals (aged 35 or less) exhibit significantly
higher elasticities compared to their older counterparts, implying that wages of younger men
are marked down by less, on average, than those of older men. Younger women have larger
elasticities than younger men, a pattern that reverses among older workers. Workers prefer-
ences for amenities vary significantly across establishments. We find that urban areas offer
more valuable amenities than rural areas, while knowledge-based and manufacturing jobs
have more valuable amenities than utilities, agricultural and food service jobs. We also find
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that high-value amenity establishments have more workers, pay lower wages, and have lower
revenue on average. These results highlight how our framework is particularly well suited to
studying the distributional consequences of monopsony and market power, as it allows for
wage dispersion both within and across firms.

On the demand side, our findings indicate that higher educated and older workers are more
productive than their less educated and younger peers, respectively. Our estimates indicate
substantial variation in establishment-specific returns to scale and total factor productivity
(TFP). The distribution of TFP is heavily skewed to the right with a 90-10 ratio of 3.128.
We also find that the worker types in our empirical application are highly substitutable, and
we quantify this using the Morishima (1967) elasticity of substitution.

Next, using our structural parameter estimates, we calculate the “establishment wage
premium” – which we define as the component of the optimal wage that varies only by
establishment – classify establishments on the basis of this premium, and examine the sorting
patterns of workers across firms. We find clear evidence of sorting by skill: only 10 percent
of workers in the bottom decile of the premium distribution are college educated, versus 38
percent in the top decile. In contrast, we do not find evidence of sorting based on gender.5

Finally, we evaluate market concentration using the GCI. Our findings reveal significant
heterogeneity in concentration by worker type: local markets for highly educated workers
are more concentrated than local markets for less educated workers, and local markets for
women are more concentrated than local markets for men (at all education levels). Moreover,
we show that one would obtain a very different ranking of concentration levels by worker
type using the HHI instead of the GCI.

Our last step is to perform a series of counterfactual experiments to quantitatively examine
the determinants of wage inequality, concentration, and welfare. To conduct each experiment,
we begin with our estimated parameters and solve for the equilibrium distribution of wages
and employment. To examine the role of the different model mechanisms, we restrict the
model along some dimension and recalculate the new counterfactual equilibrium taking into
account general equilibrium effects.

In order to assess how our findings compare to the two main strands of the labor literature
outlined above, we consider two types of experiments. In the first, we remove worker skill
heterogeneity and set the cross-type substitution parameters to their employment-weighted
mean. This version of our model resembles the homogeneous worker oligopsony model of

5Gallen, Lesner and Vejlin (2019) examine sorting to workplace establishments by gender in Denmark in
a sample that includes both the private and public sectors. They find that sorting accounts for about 15
percent of the gender wage gap between 2000-2010. On average, wages in the public sector are typically
lower and women are more likely to work there. Since our sample excludes the public sector (because we use
firm balance sheet data), this could explain why we do not find much evidence of sorting by gender.
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Berger et al. (2022). Relative to the baseline economy, as expected, we find that the dis-
persion (across workers and firms) in the MRPL falls, which acts to reduce wage inequality.
However, there is a second force in the model which dominates: the covariance across workers
and firms between the MRPL and markdown, which is negative in the baseline economy, be-
comes negligible. This acts to increase overall wage inequality demonstrating the importance
of allowing for heterogeneous markdowns across workers and firms.

In the second experiment, we shut down strategic interactions by forcing each firm to
treat the market-level labor supply elasticity as exogenous. This “classic monopsony” setting
resembles the one in Lamadon et al. (2022). In this scenario, the average wage (across workers
and firms) increases by 2.2 percent. While in principle, removing strategic interactions reduce
wage inequality through less dispersion in the markdown across firms, in practice it mainly
leads to a shift in the mean wage. This is because the covariance between the MRPL and
markdown across workers and firms is reduced, which counteracts the reduced dispersion in
the markdown and increases overall wage inequality. A key advantage of our model is that we
can examine heterogeneity across worker types. Our findings reveal that removing strategic
interactions partially closes the wage gap between college-educated and non-college-educated
workers. Part of this comes from a “bargaining effect” where wages are marked down by less
for non-college-educated workers compared to college-educated workers. The remaining part
comes from a “selection effect” where less-skilled workers are relatively more likely to sort to
better firms. For gender, we find similar changes in markdowns and sorting between men
and women. On the other hand, the welfare impacts reveal significant heterogeneity, with
female and non-college educated workers gaining three and two times more than male and
college-educated workers, respectively. We trace this gap to differential changes in market
concentration, with the markets serving women experiencing larger declines.

We view the main contribution of this paper as the development of a new empirical model
of imperfect competition that can explain the link between concentration and wages, the
presence of firm pay premia, and the sorting of high-wage workers to high-wage firms. We
also provide an algorithm for solving for the unique equilibrium. Our counterfactuals are a
useful first step in demonstrating how our empirical framework can be applied practically
to address important questions. Although outside the scope of our analysis, our framework
is well suited for examining the efficiency and distributional consequences of labor market
regulations such as minimum wages, tax and transfer policy, labor market institutions such
as unions (as in Dodini, Salvanes and Willén, 2024) and mergers and acquisitions (as in
Berger, Herkenhoff and Mongey, 2025). More broadly, it can be used to study counterfactual
experiments that affect wages, amenities, and mobility patterns.
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Related Literature. Our paper relates to and builds on the broader labor literature in
the following ways. First, our paper adds to the growing literature on imperfect competi-
tion in labor markets.6 Several studies have estimated firm-specific labor supply elasticities
using the passthrough of firm-specific productivity or demand shocks under the assumption
of monopsonistic competition and isoelastic labor supply curves, with estimates typically
ranging between 4 and 6 (Kline et al., 2019, Dube et al., 2020, Huneeus, Kroft and Lim,
2021, Azar, Berry and Marinescu, 2022, Lamadon et al., 2022, Kroft et al., 2025). As our
comparative statics show, this approach to recovering labor market power is not valid in the
presence of strategic interactions.7 In the general case, passthrough depends on the “super-
elasticity” of labor supply to the firm.8 Suggestive evidence on the importance of strategic
interactions comes from Staiger, Spetz and Phibbs (2010) who use an exogenous change in
wages in Veterans Affairs hospitals as a natural experiment and estimate a labor supply elas-
ticity of 0.10. Their findings indicate that non-VA hospitals, who were not directly affected
by the legislated change, responded by changing their own wages.

Several studies consider alternative approaches to recovering labor market power that are
valid in the presence of strategic interactions. Berger, Herkenhoff and Mongey (2022) use an
indirect inference approach that exploits changes in state-level corporate tax rates and find
elasticities that range from ∼ 5 (payroll-weighted average) to 9 (unweighted average). Yeh,
Macaluso and Hershbein (2022) directly estimate plant-level markdowns in the manufactur-
ing sector in the US using the so-called “production approach” and report a ratio of wages
to MRPL of 0.65, implying that wages are marked down 35 percent below the MRPL. Our
contribution to this literature is to provide an identification strategy for the structural labor
supply elasticity that leverages the “quasi-labor supply function” (Berry, 1994) and instru-
mental variables. We also contribute to this literature by modeling heterogeneous elasticities
across worker types, which allows us to empirically study the role of market power for pay
gaps across observable groups of workers.

Our paper also adds to the literature that examines labor market sorting. Starting with
Abowd, Kramarz and Margolis (1999) and subsequent research, there is extensive evidence

6Models of imperfect competition in the labor market have recently attracted interest because of their
ability to explain various labor market features, such as wage dispersion for identical workers, the correlation
between firm characteristics and wages, the lack of an impact of the minimum wage on employment, and the
prevalence of gender and racial wage gaps. See Manning (2003) for an excellent overview of the literature.
7The model in Lamadon et al. (2022), which features monopsonistic competition with constant labor supply
elasticities, predicts full passthrough of shocks in value-added per worker. This is rejected by the data: e.g.,
Kline et al. (2019) estimate a passthrough rate of 0.47 from log value added per worker to log wages. Models
that allow for variable wage elasticity, such as the one considered in this paper, can rationalize this finding.
8See Kline (2025) for a rich discussion of passthrough and market power. It is also possible that passthrough
depends on the super-elasticity in monopsonistic competition models that relax the assumption that the
labor supply function is isoelastic.
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that high-wage workers tend to work at high-wage firms. One source of this sorting is pro-
duction complementarities. Recently, Borovičková and Shimer (2024) have shown that with
only wage data, it is impossible to identify selection patterns unless auxiliary assumptions
are imposed. One side of the labor literature sidesteps this identification challenge by as-
suming that workers are homogeneous and therefore do not allow for sorting (e.g., Berger,
Herkenhoff and Mongey, 2022, Jarosch, Nimczik and Sorkin, 2024). Lamadon, Mogstad and
Setzler (2022) allow for sorting due to production and amenities complementarities and es-
tablish identification by additionally leveraging firm data in the output market. We follow
their approach and extend it in three ways: (i) we allow a more general functional form for
production complementarities; (ii) we relax the assumption that worker types are perfect
substitutes and estimate substitution parameters; and (iii) we relax the “full employment”
assumption by introducing an outside option which corresponds to non-employment.9

Third, although we do not incorporate dynamic considerations, it relates to the search-
and-matching literature that incorporates firm and worker heterogeneity. Search frictions are
an important source of employer market power, as emphasized by Burdett and Mortensen
(1998), Postel-Vinay and Robin (2002) and Taber and Vejlin (2020).10 Our paper is most
closely related to Taber and Vejlin (2020) in terms of the broader objective of decomposing
wage inequality into a skill component, a preference component, and imperfect competition.
While matching in most dynamic search models is one-to-one, our static framework features
many-to-one matching.11 Additionally, many search models in this literature cannot generate
sorting in equilibrium, e.g., there is 0 covariance between worker and firm type in equilibrium,
which is at odds with the allocation of workers to firms in many countries.

The outline of the rest of the paper is as follows: Section 2 presents our theoretical and
empirical framework. Section 3 proposes a tractable characterization of the equilibrium
wage and distributional matching function and discusses the existence and uniqueness of the
equilibrium. Section 4 presents key comparative statics from the model. Section 5 discusses
the identification and estimations of key parameters. Sections 6 and 7 present the results
of our empirical application and our counterfactual analyses. The last section concludes.
Proofs of the main results are collected in the Appendix.

2. THEORETICAL FRAMEWORK AND EMPIRICAL MODEL

Consider a static labor market with a large population of individuals divided into K finite
types, k ∈ {1, .., K} ≡ K. The type k can be thought of as being derived from multiple

9Lindner et al. (2022) use a two-factor firm-level CES production function with low- and high-skill work. They
do not identify and estimate the elasticity of substitution but rather calibrate it using external estimates.
10Other papers in this literature include Lentz (2010); Lise, Meghir and Robin (2016); Hagedorn, Law and
Manovskii (2017); Eeckhout and Kircher (2018); Lopes de Melo (2018), and Bagger and Lentz (2019).
11A paper that features a dynamic search model with many-to-one matching is Eeckhout and Kircher (2018).
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underlying characteristics, discrete or continuous.12 For each k, there is an infinite number
of individuals of mass mk where

∑
k∈K mk = 1. We assume that there is a continuum of

individuals of each type to simplify the analysis of the existence of a stable equilibrium and
for tractability.13 An individual i with characteristic k is denoted by ki.

On the other side of the market, there is a finite set of firms, J ≡ {1, .., J}. We do not
require J to be large; pure monopsony is a special case. Firms differentiate workers at the k
level, but within each type, individuals may differ in unobservable characteristics and firm
preferences (unobserved to both firms and the econometrician). Each individual i chooses a
firm (or non-employment), and each firm j sets wages for each worker type k.

Workers: Additive Random Utility Model (ARUM). Workers have heterogeneous
preferences over firms. The potential utility of individual i of type k if offered a wage
wkij ≡ wkj ∈ [0,∞) by firm j is given by:

Uij = βkj lnwkj + lnukj + ϵij, j ∈ {1, ..., J}, (2.1)

where ukj ∈ (0,∞) represents the deterministic non-pecuniary part of the worker’s potential
utility Uij, and β−1

kj ∈ (0,∞) can be interpreted as the standard deviation of ϵij in log-
dollars. The idiosyncratic payoff, ϵij, is unknown to firms. Individual i’s utility of being
non-employed is given by:

Ui0 = βk0 lnwk0 + ϵi0, (2.2)

where wk0 ∈ (0,∞) is the non-employment benefit which we assume is an observable exoge-
nous predetermined outcome.14

A type-k worker takes wages as given and has no market power over firms. Thus, given
the potential wage streams {wkj}0≤j≤J , individual i chooses according to:

Ui = max{Ui0, Ui1, ..., UiJ} = max
j∈J∪{0}

{vkj + ϵij},

where vkj ≡ βkj lnwkj + lnukj and vk0 ≡ βk0 lnwk0. Denoting vk· ≡ (vk0, vk1, ..., vkJ)
′ and

v ≡ (v′1·, ..., v
′
K·)

′, expected utility is given by the social surplus function (McFadden, 1977;
Manski and McFadden, 1981):

Gk·(vk·) = E
[

max
j∈J∪{0}

{vkj + ϵij}
]
. (2.3)

12In practice, each continuous characteristic (or discrete characteristic with unbounded support)Xd : d ∈ D is
transformed into a discrete random variable kd with realization kd and with finite support Kd. Each discrete
variable with finite supportXd is just relabeled kd. The total number of types is thereforeK = K1×...×K|D|.
13With a finite population, there is almost always a profitable deviation which may complicate the analysis
of the existence of a stable equilibrium.
14Note that we have implicitly used a location normalization when defining potential utility. Equivalently,
we could have written utility as Uij = ln ũkj + βkj lnwkj + ϵij , for j ∈ J ∪ {0}. However, since ũkj and ũk0
cannot be separately identified, we adopt the convention that ukj =

ũkj

ũk0
.
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To define the optimal choice probabilities, we impose the following regularity assumption:

Assumption 1 (Independence and absolute continuity). The joint distribution function of
ϵ (i) is independent of v for all v ∈ V ⊆ RK(J+1), and (ii) is absolutely continuous respect to
the Lebesgue measure on RK(J+1).

Under Assumption 1, the Williams-Daly-Zachary theorem shows that:15

P
(
vkj + ϵij ≥ vkj′ + ϵij′ for all j′ ∈ J ∪ {0} ≡ J0

)
=
∂Gk·(vk·)

∂vkj
, (2.4)

and therefore, the labor supply function is given by:

(ℓkj)
s = mk

∂Gk·(vk·)

∂vkj
, (2.5)

where (ℓkj)
s represents the number of type-k workers that prefer firm j at the wage wkj.

Equation (2.5) provides a general form of labor supply that does not imposes a parametric
distribution on idiosyncratic preferences and allows arbitrary correlation among them.

Firms: Wage-Posting framework. Each firm j has a production function given by
F j(ℓ·j) where ℓ·j ≡ (ℓ1j, ..., ℓkj). For simplicity, we ignore capital and intermediate inputs
and impose regularity conditions on the production function.

Assumption 2. We assume the firms’ production functions F j(.); j ∈ J to be (a) twice
continuously differentiable, (b) non-constant and non-decreasing in each of its arguments,
to have bounded partial derivatives, and to have zero production with zero labor inputs, i.e.,
0 ≤ F j

k (ℓ·j) ≡
∂F j(ℓ·j)
∂ℓkj

≤ F̄ ′ <∞ ∀k ∈ K and F j(0) = 0.

We adopt the Bertrand-Nash assumption where each firm j chooses its optimal wage for
worker type k taking other firms’ wages as given. Let Qj > 0 denote the minimum acceptable
output for each firm. Given the labor supply function (equation (2.5)) and Qj, firm j’s best
response is obtained as follows:

min
wkj

∑
k∈K

wkjℓkj s .t . F j(ℓ·j) ≥ Qj, wkj ≥ 0

where

ℓkj = mk
∂Gk·(vk·)

∂vkj
, (k, j) ∈ (K × J ). (2.6)

Let skj ≡ ℓkj
mk

denote the share of type-k workers employed at firm j. Under Assumptions 1
and 2, at an interior solution the optimal wage is given by

wkj = λjF
j
k (ℓ·j)

Ekj
1 + Ekj

, ∀ (k, j) ∈ K × J , (2.7)

15See alternatively Lemma 2.1 in Shi, Shum and Song (2018).
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where Ekj ≡ wkj

ℓkj

∂ℓkj
∂wkj
≡ wkj

skj

∂skj
∂wkj

is the elasticity of labor supply at the optimal wage.16 More

generally, we define the cross-wage elasticity of labor supply as Ekjl ≡ wkl

skj

∂skj
∂wkl

and use the
shorthand notation Ekjj ≡ Ekj. Under Assumption 1, the social surplus function is convex
implying that Ekj ≥ 0. The term λj is the lagrange multiplier representing the marginal
cost of production that a profit-maximizing firm equates to its marginal revenue product.
We assume that λj is bounded, 0 < λj < λ̄ < ∞. Note that Assumption 2(b) ensures that
F j
k (ℓ·j) ≥ 0, so the optimal wage is always non-negative. The wedge between the wage and

the MRPL, Ekj
1+Ekj

, is the markdown, i.e., the fraction of the MRPL paid to the worker. Let
Cj ⊆ K denote the set of worker types to whom firm j offers a strictly positive wage wkj > 0,
which according to our ARUM specification and Assumption 1, is equivalent to skj > 0.
Assumption 2(b) and the optimality conditions ensure that Cj ̸= {∅} for all firms j in the
market, where Cj ≡ {k ∈ K : skj > 0} = {k ∈ K : wkj > 0}.

Using equation (2.6), we can write the labor supply elasticity in terms of the social surplus
function as follows:

Ekj = βkj

∂2Gk·(vk·)
∂2vkj

∂Gk·(vk·)
∂vkj

.

Therefore, each firm plays its best response strategy taking other firms’ wage as given. Their
posted wage stream is given as follows:

wkj = λjβkjF
j
k (ℓ·j)

∂2Gk·(vk·)
∂2vkj

∂Gk·(vk·)
∂vkj

+ βkj
∂2Gk·(vk·)
∂2vkj

∀ (k, j) ∈ Cj × J . (2.8)

So far, we have described the behavior of each side of the market. Now, we define an
equilibrium for this many-to-one employee-employer matching model. Let R≥0 denote {x ∈
R : x ≥ 0} and R>0 ≡ {x ∈ R : x > 0}.

Definition 1. Consider workers that have preferences which are of the ARUM form, i.e.,
equation (2.1), and firms that have production functions which satisfy Assumption 2. An
equilibrium outcome (s, w) consists of a distributional worker-firm matching function and an
equilibrium wage equation such that w ≡ (w10, ..., wKJ) ∈ (R≥0)

K(J+1) and s ≡ (s10, ..., sKJ) ∈
[0, 1]K(J+1) are optimal for workers and firms (workers maximize their utilities, firms set their
optimal wages in a Bertrand oligopsony model), and the following population constraint holds∑

j∈J

skj + sk0 = 1, k ∈ K. (2.9)

Under Assumptions 1 and 2, the equilibrium outcome is equivalent to satisfying equa-
tions (2.6), (2.8) and (2.9).
16By convention and to ease the notation, we consider that Ekj = 0 when skj = 0. The details of the
derivation of equation (2.7) are in Appendix A.1.
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2.1. Social Welfare, Generalized Entropy and Market Concentration. In this sec-
tion, we define social welfare and establish a link with market concentration. We assume
that total firm profits in the economy are redistributed to a group R ⊆ K × J0 of workers,
in proportion to their equilibrium wages (non-employment benefit for the non-employed).
Formally, we have:

J∑
j=1

(
λjF

j
(
ℓ·j
)
−

K∑
k=1

wkjℓkj︸ ︷︷ ︸
πj

)
=

∑
(k,j)∈R

ϕ(s, w;λ,R)wkjℓkj, (2.10)

where λ = (λ1, ..., λJ)
′.17 Collect all primitives parameters of the model into a vector Ξ.

The social welfare function for the many-to-one matching model is defined by the following
utilitarian function:18

W(Ξ, λ,R) =
K∑
k=1

mkGk·(ṽk·) (2.11)

where

ṽkj ≡

{
βkj ln

{
wkj(1 + ϕ(s, w;λ,R))

}
+ lnukj = vkj + βkj ln(1 + ϕ(s, w;λ,R)), if (k, j) ∈ R

vkj , if (k, j) /∈ R.

With this representation, all agents that are not included in R are excluded from the profit
sharing. Let G∗

k·(sk·) denote the convex conjugate or Legendre-Fenchel transform of Gk·(vk·).
Convex duality implies the following relationship between the adjusted social surplus function
and its convex conjugate:19

Gk·(ṽk·) =
J∑
j=0

ṽkjskj −G∗
k·(sk·). (2.12)

Using the above relationship (2.12), the welfare function becomes:

W(Ξ, λ,R) =
∑

(k,j)∈K×J0

mkvkjskj + ln[1 + ϕ(s, w;λ,R)]
∑

(k,j)∈R

mkβkjskj −
K∑
k=1

mkG
∗
k·(sk·) (2.13)

where ϕ(s, w;λ,R) =
∑J

j=1 πj∑
(k,j)∈R wkjℓkj

.

17This means that profit-sharing is such that agents receiving the transfer will have the following ex-post
utility: Ũij = lnukj + βkj ln

{
wkj(1 + ϕ(s, w;λ))

}
+ ϵij .

18This welfare function extends and generalizes the one considered in Lamadon, Mogstad and Setzler (2022)
that assumes βkj = β,R = (K × J ), and full employment, i.e., sk0 = 0 for all k ∈ K.
19See Galichon and Salanié (2022) for more detailed discussion.
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The welfare function in equation (2.13) is the sum of two components: (i) the determin-
istic gains accruing in equilibrium to all agents— via wages, amenity preferences, and redis-
tributed firm profits— and (ii) a term capturing market randomness driven by unobserved
heterogeneity in workers’ utilities. When ϵ follows the Logit distribution, −G∗

k·(sk·) coincides
with Shannon entropy, a natural measure of statistical disorder in information theory, which
here reflects the degree of incomplete information in the market.20 This structure lets us
define a market concentration index directly tied to welfare: the generalized concentration
index (GCI) as GCI(sk·) ≡ eG

∗
k·(sk·). Social welfare is then given by:

W(Ξ, λ,R) =
∑

(k,j)∈K×J0

mkvkjskj + ln[1 + ϕ(s, w;λ,R)]
∑

(k,j)∈R

mkβkjskj −
K∑
k=1

mk lnGCI(sk·)(2.14)

This latter equation allows one to assess how changes in local concentration affect social
welfare. It demonstrates that social welfare is a decreasing function of the GCI, holding fixed
the deterministic gains from matching.

3. EXISTENCE AND UNIQUENESS OF EQUILIBRIUM

In this section, we establish existence and uniqueness of equilibrium in our many-to-
one matching model. Moreover, we establish conditions under which there exist globally
convergent methods to solve for the unique equilibrium.

Theorem 1. [Existence] Under Assumptions 1 and 2, an equilibrium exists.

The proof presented in Appendix B.1 mainly relies on Brouwer’s fixed-point theorem.
In a many-to-one matching model with a finite number of firms and unrestricted strategic

interactions, a shock to one firm’s productivity in equilibrium could affect employment and
wages of other firms in the economy. Hence, there could exist multiple equilibria in this
environment.21 We now characterize a set of shape restrictions on the firms’ production
functions and the labor supply elasticities that ensures the existence of a unique equilibrium.
We define the k-type “cross-wage super-elasticities” of labor supply as ζkjl ≡ wkl

Ekj
∂Ekj
∂wkl

. ζkjl

is the elasticity of the labor supply elasticity of type-k worker at firm j with respect to the
type k wage at firm l, wkl. In absence of strategic interactions, ζkjl = 0 for j ̸= l. The term
ζkjj ≡ ζkj is the so-called “super-elasticity” discussed in Klenow and Willis (2016), Nakamura
and Zerom (2010), and Edmond, Midrigan and Xu (2023).

20In their one-to-one matching model with perfect competition, Caldwell and Danieli (2024) make use of the
continuous version of the Shannon entropy index as a measure of industrial concentration.
21Card et al. (2018) also discuss the complications that arise in the presence of multiple equilibria in a
framework with a finite number of firms.
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Assumption 3 (Shape Restrictions). (i) [cross-wage super-elasticity] Assume that the
social surplus function is such that whenever all others entries wkl′ (for l′ ̸= l) remain
constant we have for all k ∈ K

ζkjl

≤ 0, if l = j

≥ 0, if l ∈ J0 \ {j}

(ii) [Production function] The production function takes the following functional form:

F j(ℓ·j) =
∑
k∈K

hk(ℓkj),

where h is a C2(R) function such that h′k(x) ≥ 0 and h′′k(x) ≤ 0.

Assumption 3(i) imposes a sign restriction on the cross-wage super-elasticities. The sign
restriction requires that when firm j increases the wage of a type k worker, the labor supply
elasticity decreases; conversely, it increases when another firm l increases the type k wage.
This sign restriction is satisfied for a wide class of error distributions including the widely-
used Nested Logit. Assumption 3(ii) allows the production function to have decreasing or
constant returns to scale, and a non-constant marginal rate of substitution.

Theorem 2. [Existence and Uniqueness] Under Assumptions 1, 2, and 3, an equilibrium
exists and it is unique.

The proof presented in Appendix B.2 relies on the observation that the mapping induced by
equation (2.7) is globally invertible, since its Jacobian matrix is positive diagonally dominant.

Assumption 3 is only a sufficient condition for the uniqueness of the equilibrium. In the
proof, we also discuss the case where Assumption 3(ii) does not hold, i.e., the production
function is not additive separable. We show that the equilibrium can also be unique under an
additional sign restriction on a component involving the production function partial mixed-
derivatives and the cross-wage labor supply elasticity, i.e., F j

kl(ℓ·j) ≡
∂2F j(ℓ·j)
∂ℓkj∂ℓkl

and Ekjl. This
restriction could be tested if the primitive parameters of this model are known.

Our uniqueness result is valid for a broad class of preference shocks. Prior frameworks—
Card et al. (2018), Lamadon, Mogstad and Setzler (2022), and Berger, Herkenhoff and
Mongey (2022)— typically assume Nested Logit shocks. In Online Appendix C.1, we an-
alyze the Nested Logit case and show that the shape restriction in Assumption 3(i) holds.
Hence, uniqueness also obtains under Nested Logit provided the production function satis-
fies Assumption 3(ii). For comparison, Nocke and Schutz (2018) establish uniqueness in an
oligopoly model with Nested Logit demand via a fixed-point argument; their result hinges
on the Nested Logit structure with a linear production function which implies that their
model can be framed as an aggregative game. This reformulation expresses the equilibrium
as a fixed-point problem involving only market-level and nest-level indices (aggregators).
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Our result is more general than that of Nocke and Schutz (2018): it does not require an
aggregative game representation—a structure that in their setting arises from Nested Logit
demand paired with a very specific production function. Instead, we allow a broader class
of preference shocks (and thus substitution patterns) and production functions, yielding a
substantially more flexible and widely applicable framework.

3.1. Finding the Equilibrium: An Iterative Method. Our uniqueness result implies
that there exist globally convergent methods for recovering the unique equilibrium outcome
(s, w). This is very important to solve for the model equilibrium to perform counterfac-
tual analyses. In particular, we show that under Assumptions 1, 2, and 3 the nonlinear
Gauss-Seidel or Jacobi iteration described below converges to the unique equilibrium. A key
advantage of this result is that the Gauss-Seidel and Jacobi algorithms are easy to implement
and can converge fairly rapidly, even with a very large system of equations.

Define the following object:

δkj(w) ≡ wkj − λjF j
k (ℓ·j(w))

Ekj(w)
1 + Ekj(w)

, ∀(k, j) ∈ K × J . (3.1)

δ(w) = (δ11(w), ..., δKJ(w)) : Tϵ ⊆ RKJ −→ RKJ , where Tϵ is a closed and bounded rectan-
gular region.22

Algorithm 1 (Underrelaxed Gauss-Seidel Iteration). For ξ ∈ (0, 1]:

(1) Solve δkj(wt+1
11 , ..., w

t+1
1J , ..., w

t+1
k,j−1, wkj, w

t
k,j+1, ..., w

t
KJ) = 0 for wkj holding all other

components fixed.
(2) Set wt+1

kj = (1− ξ)wtkj + ξwkj and this for kj = 11, ..., KJ and t = 0, 1, ....

Algorithm 2 (Underrelaxed Jacobi Iteration). For ξ ∈ (0, 1]:

(1) Solve δkj(w
t
11, ..., w

t
1J , ..., w

t
k,j−1, wkj, w

t
k,j+1, ..., w

t
KJ) = 0 for wkj holding all other

components fixed.
(2) Set wt+1

kj = (1− ξ)wtkj + ξwkj and this for kj = 11, ..., KJ and t = 0, 1, ....

Proposition 1 (Convergence of the nonlinear Gauss-Seidel and Jacobi iteration). Suppose
Assumptions 1, 2, and 3 hold. For ξ ∈ (0, 1] and any initial value w0 ∈ Tϵ the non-
linear Gauss-Seidel or Jacobi iteration described in Algorithms 1 and 2 converges to the
unique equilibrium wage weq. The equilibrium outcome is given by (weq, seq) with skj(weq) =
∂Gk·(vk·)
∂vkj

|vkj=veqkj where veqkj ≡ βkj lnw
eq
kj + lnukj.

The proof is in Appendix B.3.

22Please refer to the proof of Theorem 1 in Appendix B.1 for the complete definition of Tϵ.



AN EMPIRICAL FRAMEWORK FOR MATCHING WITH IMPERFECT COMPETITION 15

4. Comparative Statics

In the previous section, we introduced an efficient computational approach for conducting
counterfactuals within our general framework. Analytical results for exogenous parameter
changes are also valuable, as they illuminate the model’s economic structure. In nonlinear
systems, however, comparative statics are typically hard to obtain: applying the Implicit
Function Theorem requires a closed-form inverse of the Jacobian associated with the mapping
in equation (3.1). With strategic interactions, this is especially challenging—nonzero cross-
wage elasticities render a closed-form inverse intractable as the number of firms grows. Here,
we exploit special features of the Jacobian to derive informative bounds: we obtain closed-
form comparative statics in duopsony and lower bounds in general oligopsony for the effect of
a change in total factor productivity (TFP) on equilibrium wages. We provide comparative
statics for the effect of changes in amenities and non-employment benefits on equilibrium
wages in Online Appendix D.1.

Recall that the optimal wages is expressed as

wkj = λj F
j
k (ℓ·j)︸ ︷︷ ︸
mplkj

Ekj
1 + Ekj︸ ︷︷ ︸

mdkj

, ∀ (k, j) ∈ K × J .

where mplkj and mdkj denote, respectively, the marginal productivity of labor and the
markdown of firm j for a type-k worker. The elasticities of mplkj and mdkj with respect to
the type k wage at firm l are given by:

∂ lnmplkj
∂ lnwkl

=
wkl
ℓkj

∂ℓkj(wk·)

∂wkl︸ ︷︷ ︸
Ekjl

(
F j
kk

F j
k

ℓkj

)
︸ ︷︷ ︸

1/ηkj

,
∂ lnmdkj
∂ lnwkl

=
1

(1 + Ekj(wk·))︸ ︷︷ ︸
1−mdkj

wkl
Ekj(wk·)

∂Ekj(wk·)
∂wkl︸ ︷︷ ︸

ζkjl

.

In equilibrium, the marginal cost of output, λj, is equal to the marginal revenue product.
For simplicity, we assume that all firms j are price takers on the output market, i.e., λj = Pj

where Pj is the market price which is exogenous.23 Under this assumption, we can define
the labor demand elasticity as the elasticity of the inverse marginal revenue product of labor
curve, ηkj ≡ F j

k/ℓkjF
j
kk.

24

The cross-wage elasticities Ekjl, the cross-wage super-elasticities ζkjl, the markdowns mdkj,
and the labor demand elasticities ηkj are the key statistics that collectively determine the
effect of changes of model parameters on equilibrium wages. They are the key channels by
which an exogenous shock at firm l affects firm j’s equilibrium wage. Recall that under
the atomistic firms assumption imposed in Card et al. (2018) and Lamadon, Mogstad and

23It is worth noting this restriction is not critical for deriving θl
wkj

∂wkj

∂θl
.

24Weyl and Fabinger (2013) define a similar object when analyzing the output market, although the relevant
object in their setting is the output “supply elasticity”.
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Setzler (2022), Ekjl = 0 for all l ̸= j and ζkjl = 0 for all l, j ∈ J . The equilibrium restriction
entertained in Berger, Herkenhoff and Mongey (2022) relaxes the latter restrictions but still
imposes that Ekjl = ζkjl = 0 for all firms l and j belonging to different local markets or groups.
We do not impose such restrictions and thus provide a more general set of comparative statics.

Before presenting our main results, let us introduce the following shorthand notation for
the derivative of the log wage of type-k workers at firm j with respect to log wages of type-k
workers at firm l:

ψk,jl =
∂ lnmplkj
∂ lnwkl

+
∂ lnmdkj
∂ lnwkl

≡ Ekjl
ηkj

+ (1−mdkj)ζkjl.

In the next proposition, we examine how a positive TFP shock at firm l affects equilibrium
wages. We assume that firm l’s production function satisfies F l(.) = θ̌lF̌

l(.) where ∂F̌ l(.)

∂θ̌l
= 0,

and F̌ l(.) respects Assumption 3 (iii).

Proposition 2 (Comparative Statics). Consider that Assumptions 1, 2, and 3 hold. Let
(s, w) denote the unique equilibrium outcome of our model. In a neighborhood of the equilib-
rium (s, w), the following (general equilibrium) comparative statics hold:

(i) Duopsony: J = {j, l}. If the firms’ production functions have a multiplicative
structure of the form F l(.) = θ̌lF̌

l(.) where ∂F̌ l(.)

∂θ̌l
= 0, then for any k ∈ Cj ∩ Cl:

θ̌l
wkj

∂wkj

∂θ̌l
=

ψk,jl
(1− ψk,jj)(1− ψk,ll)− ψk,jlψk,lj

≥ 0,

θ̌l
wkl

∂wkl

∂θ̌l
=

(1− ψk,jj)
(1− ψk,jj)(1− ψk,ll)− ψk,jlψk,lj

> 0.

(ii) Oligopsony: J ≥ 2. If the firms’ production functions have a multiplicative structure
of the form F l(.) = θ̌lF̌

l(.) where ∂F̌ l(.)

∂θ̌l
= 0, then for any k ∈ Cj ∩ Cl, we have:

θ̌l
wkj

∂wkj

∂θ̌l

≥
Ekjl/ηkj+(1−mdkj)ζkjl

(1−Ekj/ηkj−(1−mdkj)ζkj)(1−Ekl/ηkl−(1−mdkl)ζkl)
≥ 0 if j ̸= l,

≥ 1
(1−Ekl/ηkl−(1−mdkl)ζkl)

> 0, if j = l.

where ψk,jl ≥ 0 for l ̸= j, and ψk,ll ≤ 0.

The equations in part (i) show two key channels by which a productivity shock in firm
l affects equilibrium wages in a duopsony market. The increase in firm l’s TFP θ̌l has a
direct effect on mplkl and firm l raises wkl through ψk,ll. In turn, this affects mplkj and
mdkj through ψk,jl, and firm j responds to this change through ψk,jj by raising wkj. This
succession of responses converges to higher equilibrium wkj and wkl.

In the general case (J ≥ 2), part (ii) shows that strategic interactions amplify the impact of
a firm-specific shock on equilibrium wages. The lower bound for passthrough is attained when
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strategic interactions are shut down. This encompasses two useful special cases. The first
case is a setting with many local markets, each with a single dominant firm that internalizes
wage effects locally but not on the aggregate wage index. Here, each firm j’s labor-supply
elasticity is variable and depends on its market share (a special case of Berger, Herkenhoff and
Mongey, 2022). The second case is the monopsonistic competition framework of Lamadon,
Mogstad and Setzler (2022), where all firms face constant labor-supply elasticities and the
passthrough of TFP shocks to wages is likewise constant.25

To show how our comparative statics generalize prior special cases, Online Appendix C
analyzes a Nested Logit Economy. We derive a formula for the passthrough of a TFP shock on
wages and contrast it with the formulas in Card et al. (2018), Lamadon, Mogstad and Setzler
(2022), and Berger, Herkenhoff and Mongey (2022), which impose restrictions on strategic
interactions. In Section 6, we report estimates of the lower bound for TFP passthrough in
the Nested Logit case (Online Appendix C.2, equation (C.4)) for Danish firms.

5. Econometric model: Identification and Estimation

In this section, we analyze identification of the structural parameters when preference
shocks follow a parametric distribution. To this end, we focus on a specific case: the Nested
Logit Economy, as considered in Card et al. (2018), Lamadon, Mogstad and Setzler (2022),
Berger, Herkenhoff and Mongey (2022), and others. We begin by discussing the key impli-
cations of the Nested Logit Economy. Additional details are in Online Appendix C.

To allow unobserved worker preferences ϵij to be correlated for certain classes of firms, we
partition the J firms into G nests, where each nest is a local labor market. The gth nest
contains Ng firms. We allow the preference shocks, ϵij, to be arbitrarily correlated within
nests, i.e., 1/σkg =

√
1− corr(ϵij, ϵil) for j ̸= l where for (j, l) ∈ Ng, and with σkg ∈ [1,∞).

Each firm competes with every firm in the economy regardless of whether the firms belong
to the same nest or not.

The labor supply elasticities and the cross-wage super-elasticities in the Nested Logit
economy take the following form:

Ekj = βkj[σkg + (1− σkg)skj|g − skj] for j ∈ Ng (5.1)

ζkjl = βkj

[
(1− σkg)skj|g

Ekjl|g
Ekj
− skj

Ekjl
Ekj

]
(5.2)

with skg =
∑

j∈Ng
skj, and skj|g =

skj
skg

where skj|g denotes the share of type k individuals
employed by firm j as a fraction of the total nest share.

25All the lower bounds in Proposition 2 are sharp, meaning that there exists a data generating process under
which these inequalities hold exactly with equality. In particular, the inequalities in Proposition 2(ii) hold
as equalities when strategic interactions are assumed away. A formal proof of this statement is derived in
Online Appendix D.1.
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The atomistic firm assumption considered in Card et al. (2018) and Lamadon, Mogstad
and Setzler (2022) implies that (1 − σkg)skj|g − skj = 0 for all (k, j) ∈ K × J , and g ∈
{1, ..., G}. With σkg > 1, this implies that skj|g = skj = 0. In other words, the atomistic
firm assumption does not allow some firms to be dominant in their local market. If we
observe some firms with a significant share of type k workers in their local market, i.e.,
skj|g > s for s > 0, we can reject the atomistic firm assumption. Moreover, with σkg > 1, we
always have that [(1− σkg)skj|g − skj] ≤ 0, which implies that the atomistic firm assumption
leads to an overestimation of firms’ labor supply elasticities and thus markdowns, as well
as an overestimation of the super-elasticities. Thus, the atomistic firm assumption limits
the effect of market power and imposes restrictions on the nature of strategic interactions.
Conversely, Berger, Herkenhoff and Mongey (2022) impose that skj = 0 for all (k, j), but
allow (1 − σkg)skj|g ̸= 0 for some (k, j). In other words, firms can be dominant in their
local market but not in the national market. This also leads to overestimation of the true
markdowns and super-elasticities but with a lower bias than the one obtained under the
atomistic firm assumption.

Thus far, we have considered a static model. We now assume that the econometrician
has panel data linking workers to firms over time. We denote t the unit of time and let
t ∈ {1, ..., T}. For tractability, we assume that both the econometrician and firms observe
worker type k.26 Under this assumption, our identification approach can be summarized in
two steps. First, we identify the labor supply parameters using instrumental variables (IV).
Second, we identify the production function parameters by exploiting firm optimization
together with an instrumental variables strategy. It is worth noting that our identification
approach does not require solving the model equilibrium, so identification is robust to the
existence of multiple equilibria.

5.1. Identifying Labor Supply Parameters. local labor markets g. We define a firm’s
inside share, skj|gt, as the firm’s employment share of worker type k in year t in labor market
g. Following Berry (1994), we derive the following quasi-supply function:

ln
skjt
sk0t

= βk ln
wkjt
wk0t

+ (1− 1/σkg) ln skj|gt + lnukjt (5.3)

where sk0t and wk0t are the labor market share and earnings of non-employed workers of
type k in period t, and ukjt are the unobserved non-pecuniary amenities offered by firm j to
workers of type k in year t. We restrict the labor supply parameters to be fixed over time

26If there are worker characteristics that influence firms’ labor demand that are unobserved by the econo-
metrician, we suggest employing the approach outlined by Bonhomme, Lamadon and Manresa (2019) to
estimate these unobserved characteristics. This requires an additional set of assumptions that must be care-
fully justified before implementation. The specifics of this methodology applied to our setting are provided
in Online Appendix D.2.
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and across firms, but allow σkg to vary by worker type and local market, and βk to vary by
labor type.

The parameters of interest are the distribution of unobserved amenities (ukjt) and labor
supply elasticities (Ejkt) across all firms and worker types. The identification challenge in
estimating equation (5.3) is that both the wage and the inside share are potentially correlated
with the unobserved amenities and thus endogenous. The most common approach in the
industrial organization literature, which we adopt here, is to identify the model parameters
using instrumental variables for wages and the inside share. We rewrite our labor quasi-
supply function (5.3) in changes as

∆e,e′ ln
skjt
sk0t

= βk∆e,e′ ln
wkjt
wk0t

+ σ̃kg∆e,e′ ln skj|gt +∆e,e′ lnukjt (5.4)

where ∆e,e′xt ≡ xt+e − xt−e′ and σ̃kg ≡ (1 − 1/σkg). This equation can be consistently
estimated using two-stage least squares (2SLS).

For the instruments to be valid, they need to be correlated with long changes (e + e′ + 1

periods) in the log wage ratio and log inside share (relevance), but orthogonal to long changes
in amenities (exogeneity). We follow the IV strategy developed by Lamadon, Mogstad and
Setzler (2022) and use internal instruments relying on timing assumptions. Our instruments
are short (one-period) changes in log establishment revenue (∆ logRjt), the log inside share
(∆ log skj|gt), and the log of the sum of the inside shares for all other labor types employed by
the firm (∆ log s∼kj|gt). Short changes in these variables will be correlated with long changes
in log wages and market shares as long as the labor productivity processes (defined as γ̃kjt
in the next section) which determine them are sufficiently persistent.27 These instruments
satisfy the exogeneity assumption as long as the amenity process is sufficiently transitory.
Lamadon, Mogstad and Setzler (2022) assume that unobserved firm-specific job amenity
shocks are well approximated by a MA(1) process, and show that a choice of e ≥ 2 and
e′ ≥ 3 satisfies the exogeneity assumption. Here, we set e = 2, e′ = 3 and assume that
Cov(γ̃kjt+e − γ̃kjt−e′ ,∆zjkt) ̸= 0 and Cov(lnukjt+e − lnukjt−e′ ,∆zjkt) = 0 for each zjkt ∈
{logRjt, log skj|gt, log s∼kj|gt}, where ∆zjkt ≡ zjkt− zjkt−1. Importantly, this does not restrict
correlations between the average level of firm-level amenities and labor productivity, nor
does it preclude the firm from having chosen the overall level of amenities endogenously.28

Given the estimated parameters, we can use equation (5.3) to recover amenities (lnukjt).

27In our results, we estimate the labor productivity process as an AR(1) and find that it is highly persistent.
28In Online Appendix D.3, we discuss various alternative instrumental variable strategies proposed in the
industrial organization, trade, and labor literatures such as shift-share, BLP (using the characteristics of
competing firms in the market), and Hausman instruments. We considered these instruments but found that
they were not sufficiently strong in our setting. We also implemented a shift-share IV approach following
Hummels et al. (2014) and Garin and Silvério (2023). We find labor supply parameter estimates that are
comparable to our main estimates despite the fact that we are only able to construct the instrument for the
small share of the firms in our sample who export. These results are available upon request.
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It is worth noting that, unlike much of the recent literature which seeks to identify la-
bor market power, our approach does not rely directly on the passthrough of firm-specific
productivity shocks. The link between passthrough and labor market power is much more
complicated in the presence of strategic interactions, as shown in Section 4, and therefore
cannot be used to identify the labor supply elasticities.

5.2. Identifying Labor Demand Parameters. We assume that the production function
for firm j at time t takes the following form:

F j
t (ℓ·j) =

∑
k∈Cj

t

γ̃kjtℓ
ρk
kjt

αjt

, (5.5)

where γ̃kjt = θjtγkjt with
∑

k∈Cj
t
γkjt = 1 and Cj

t is the set of worker types k employed by firm
j in period t. This functional form allows for worker-employer match-specific productivity,
whereby a specific type of worker may be more productive in some firms compared to other
firms, as in Roy (1951) and, more recently, Lamadon et al. (2022). Our specification gener-
alizes the production function in Lamadon et al. (2022) in two ways. First, we allow worker
skill to be multidimensional and do not impose multiplicative separability (i.e., γkj = γkγj).
Second, we relax the assumption that worker types are perfect substitutes.

With this specification, the first-order condition (FOC) in (2.7) becomes

λjtαjt

∑
k∈Cj

t

γ̃kjtℓ
ρk
kjt

αjt−1

γ̃kjtρkℓ
ρk−1
kjt =

Ekjt + 1

Ekjt
wkjt (5.6)

Define w̃kjt ≡ Ekjt+1

Ekjt
wkjt (i.e., the marginal revenue product of type k at firm j) and take the

ratio of the FOCs for different labor types k, h ∈ Cjt to obtain:

γ̃kjtρkℓ
ρk−1
kjt

γ̃hjtρhℓ
ρh−1
hjt

=
w̃kjt
w̃hjt

(5.7)

Taking logs, we have the following log-linear equation:

log
w̃kjt
w̃hjt

= (ρk − 1) log ℓkjt − (ρh − 1) log ℓhjt + log
ρk
ρh

+ log
γ̃kjt
γ̃hjt

with the last two terms being unobserved by the econometrician. The key parameters of
interest are ρk, ρh, γ̃kjt and γ̃hjt.

The identification challenge is that both ℓkjt and ℓhjt may be correlated with the unob-
served term γ̃kjt

γ̃hjt
. However, with some assumptions on the structure of γ̃kjt we can obtain

internal instruments which allows for consistent estimation of ρk and ρh. First, we assume
that labor productivity for type k, γ̃kjt, can be decomposed into an aggregate component
z̄kt and a firm-level component zjkt such that γ̃kjt = z̄ktzjkt. Second, we assume that the
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firm-level component follows an AR(1) process in logs: log zkjt = δk log zkjt−1+ ς̄k+ςkjt where
ςkjt is an i.i.d mean-zero innovation. Finally, we assume that the firm’s choice of wages and
labor are conditional on γ̃.jt and thus ς.jt, but that the innovation is independent from all
lagged variables. Substitution leads to the following estimating equation, where we have
assumed that δk = δh ∀k, h:

log
w̃kjt
w̃hjt

= ckht + (ρk − 1) log ℓkjt − (ρh − 1) log ℓhjt + δ log
w̃kjt−1

w̃hjt−1

− δ(ρk − 1) log ℓkjt−1 + δ(ρh − 1) log ℓhjt−1 + ςkhjt (5.8)

where ckht ≡ ς̄k − ς̄h + (1 − δ) log ρk
ρh

+ (log z̄kt − log z̄ht) − δ(log z̄kt−1 − log z̄ht−1) is a time-
varying constant and ςkhjt ≡ ςkjt − ςhjt is i.i.d and mean zero. Note that ℓkjt and ℓhjt may
be correlated with the error term ςkhjt. However, by assumption, ςkhjt is uncorrelated with
lagged inputs, wages and revenues, allowing us to use functions of these lagged variables as
instruments for contemporary input values.29 This leads to identification of ρk, ρh and δ.

Estimating equation (5.8) is not straightforward as it is unclear how to choose the (k, h)

pairs and construct the instruments/moments for each equation. To deal with this issue, we
propose a multi-equation GMM approach which we discuss in detail in Online Appendix D.4.

Given a consistent estimator ρ̂k, we can rearrange the FOC in (5.7) to get

γ̃hjt = Akhjtγ̃kjt, where Akhjt ≡
w̃−1
kjtℓ

ρk−1
kjt ρk

w̃−1
hjtℓ

ρh−1
hjt ρh

(5.9)

is a combination of data and known parameters.
Recall that since γ̃kjt ≡ θjtγkjt where

∑
k∈Cj

t
γkj = 1, we have

∑
h∈Cj

t \{k}

γhjt = γkjt
∑

h∈Cj
t \{k}

Akhjt ⇒ (1 − γkjt) = γkjt
∑

h∈Cj
t \{k}

Akhjt ⇒ γkjt =
1∑

h∈Cj
t
Akhjt

for all k ∈ Cjt . The first implication holds because
∑

k∈Cj
t
γkjt = 1, and the second holds

because Akkjt = 1. This identifies γkjt for all k, j. Identification of γkjt and ρk does not
require any assumptions on the output market. To recover αjt and θjt, we assume perfect
competition in output markets, meaning that each firm j is a price taker on the output
market, i.e., λjt = Pjt where Pjt is the exogenous price. Recall that from equation (5.6), we
have:

w̃kjt

γkjtρkℓ
ρk−1
kjt

= λjtθ
αj

jt αjt

∑
k∈Cj

t

γkjtℓ
ρk
kjt

αjt−1

.

29In the empirical application, we use functions (squares) of lags of the input price ratios and labor input
quantities.
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By re-arranging and noticing that at the optimum we have
(∑

k∈Cj
t
γ̃kjtℓ

ρk
kjt

)αjt

= Qj, we
obtain the following identification result:

αjt = (λjtQjt︸ ︷︷ ︸
Rjt

)−1 × Ekjt + 1

Ekjt
wkjt︸ ︷︷ ︸

w̃kjt

×ℓkjt ×
∑

k∈Cj
t
γkjtℓ

ρk
kjt

γkjtρkℓ
ρk
kjt

= R−1
jt ×

∑
h∈Cj

t

w̃hjtℓ
1−ρh
hjt ρ−1

h ×
∑
k∈Cj

t

γkjtℓ
ρk
kjt, (5.10)

where Rit ≡ PjtQjt denotes firm j’s total revenue. The second equality holds because of the
following:

1

γkjt
= w̃−1

kjtℓ
ρk−1
kjt ρk

∑
h∈Cj

t

1

w̃−1
hjtℓ

ρh−1
hjt ρh

⇒ w̃kjt × ℓkjt
γkjtρkℓ

ρk
kjt

=
∑
h∈Cj

t

w̃hjtℓ
1−ρh
hjt ρ−1

h .

Finally, recall that Rit ≡ PjtQjt = Pjtθ
αjt

jt

(∑
k∈Cj

t
γkjtℓ

ρk
kjt

)αjt

. Therefore, we obtain θ̃jt as

θ̃jt ≡ P
1/αjt

jt θjt =
R

1/αjt

jt(∑
k∈Cj

t
γkjtℓ

ρk
kjt

) . (5.11)

Note that we could recover θjt if we observed Pjt or normalized Pjt to 1.

6. Empirical Application

In this section, we apply our identification strategy to estimate the model parameters
using administrative register data from Denmark.

6.1. Sample Construction and Descriptive Statistics. We use annual individual and
firm registers and the linked employer-employee register IDA (Integrated Database for La-
bor Market Research) for the years 2001-2019. From the individual register, we get de-
mographic and socio-economic worker characteristics and we identify unemployment and
non-employment spells and income. From the firm register, we get yearly value added
and revenues arising from the firm’s primary operation net of taxes and duties for private-
sector firms. The linked employer-employee data contains information on salary, hours/days
worked, industry, and workplace location of each employment contract every year. We
combine the registers into a yearly panel dataset of workers through unique identifiers for
individuals, firms, and establishments. We follow Taber and Vejlin (2020) and Berger et al.
(2024) by focusing our empirical analysis on establishments which are linked to a physical
location. Establishments are indexed by j and years by t. To get establishment-level revenue
Rjt, we allocate firm revenue across establishments in proportion to their wage bills. Details
on source data, sample selection, and construction of key variables are in Online Appendix E.
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We restrict the sample to all individuals between 26 and 60 years of age who work full-time
as employees in the private sector and whose job is linked to a physical establishment. We
exclude individuals employed in the public and financial sectors due to missing revenue data;
financial sector firms are not legally required to report revenue and very few do. In total,
our dataset consists of 12, 742, 741 individual-year combinations. We assign individuals to
12 observable types k where each type is a combination of gender, age and education.30

We measure labor inputs in terms of full-time equivalents (FTE). We use FTEs and
worker-establishment linkages to calculate employment variables ℓkjt, skjt, and skj|gt for each
worker type k, in establishment j, in year t, overall and by market g. For every k, we also
calculate the sum of the inside shares for all other labor types within the establishment,
s∼kj|gt. We follow Taber and Vejlin (2020) by using non-employment (unemployment + non-
participation) as the outside option. We calculate the share of non-employed workers in the
economy every year by worker type k, sk0t, by summing the non-employment spells at the
k level and dividing by the total number of FTEs and non-employment spells in the data.
The wage wijt for worker i at establishment j in year t is the total earnings for that worker
in the year. We aggregate wijt to the (k, j, t) level by calculating the mean earnings wkjt for
each establishment j and each worker type k, in each year t. We also compute the mean
non-employment income wk0t for each worker type in the economy.

We display the 12 k-groups in Table 1, and report descriptive statistics for the full sample
of workers in the years 2001-2019. Column 1 reports the share of worker types in the
sample, column 2 reports each k-group’s average yearly earnings, and column 3 reports the
share of establishments employing each k-group. The largest k-group is 36-50-year-old men
with lower-than-college education, who make up 24 percent of the sample and are employed
by half of the establishments. The smallest group is 51-60-year-old women with a college
education, making up only 1.8 percent of the sample and employed by only 5.4 percent of the
establishments. The highest earning group is 51-60-year-old men with a college education
with average earnings of 106, 703 USD. The lowest earning group is 26-35-year-old women
with lower-than-college education with average earnings of 50, 775 USD. The last column of
Table 1 shows that the share of establishments employing each k-group is between 5 and 50

percent, reflecting that the number of establishments which are truly available in the labor
market for a particular type of worker is lower than the total number of establishments.

For our empirical analysis, we collapse the dataset at the (k, j, t) level leading to 4, 487, 620

observations. We further restrict this dataset to only establishments that have no missing
values for any of our key variables. These include long and short changes in wages, market

30Women represent 31.8 percent of the sample primarily due to women being overrepresented in the Danish
public sector (which includes the education and health sectors). The full population of salaried jobs in
Denmark in 2001-2019 is 49.3 percent female. This goes down to 35.8 percent when we drop the public
sector and to further 31.8 percent when we exclude the financial sector and non-full-time jobs.
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share of avg. earnings share of
k-group worker-obs. (in 2022 USD) establishments

1 Female, 26-35, no college 0.046 50,775 0.177
2 Female, 26-35, college 0.033 64,750 0.092
3 Male, 26-35, no college 0.118 61,680 0.365
4 Male, 26-35, college 0.052 77,230 0.137
5 Female, 36-50, no college 0.110 57,347 0.298
6 Female, 36-50, college 0.052 79,674 0.122
7 Male, 36-50, no college 0.238 70,422 0.499
8 Male, 36-50, college 0.095 104,854 0.207
9 Female, 51-60, no college 0.059 56,847 0.192

10 Female, 51-60, college 0.018 77,465 0.054
11 Male, 51-60, no college 0.139 68,621 0.337
12 Male, 51-60, college 0.040 106,703 0.118

Number of worker-observations 12,742,741
Number of unique establishments 259,190

Table 1. Worker distribution across k-groups, all years (2001-2019). Average full-time equivalent (FTE)
yearly earnings reported in real-2022 USD. The share of establishments refers to the share of establishments
employing each k-group.

shares and inside shares for all other labor types employed by the establishments.31 Our final
dataset contains data for the years 2004-2017 and consists of 1, 101, 543 observations at the
(k, j, t) level. This selection process leaves us with a subsample of establishments that are
larger both in terms of size—each establishment employs on average 11.6 workers instead of
the 7.4 in the full sample from 3.5 instead of 2.6 different k-groups—and revenue (8.9 instead
of 5.2 million dollars).32

We define a local labor market g as a commuting zone and industry pairing. We use
the 3-digit industry classification based on NACE Rev. 2 (Carré, 2008) and we drop the
public and financial sectors. We use 16 of the 23 commuting zones computed for 2005 by
Eckert, Hejlesen and Walsh (2022) using the Tolbert and Sizer (1996) method for Denmark,
dropping small islands. In our final estimation dataset, we have 2,757 local labor markets.

Commuting zones and industries (and therefore local markets) vary substantially in the
number and type of establishments. The largest commuting zone is Copenhagen, containing
around one third of all establishments in Denmark (over 80, 000 unique establishments over
the sample period). Copenhagen also contains the largest establishments paying on average
the highest wages. In contrast, there are also very small commuting zones with under 2, 000
unique establishments during the time period 2001-2019 (i.e., Ribe and Thisted). In terms
of industrial breakdown, the largest industry for number of establishments is wholesale and

31For each variable xjkt, we calculate short changes as xjkt − xjkt−1, and long changes as xjkt+2 − xjkt−3,
thus restricting the number of years available for the estimation to 2004-2017. Details are available in Online
Appendix Table E3.
32See Online Appendix Tables F1 and F2 for establishment characteristics for both the full sample and the
restricted estimation sample.
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retail trade, followed by construction and knowledge-based services. Some industries such
as mining, electricity, and water supply are quite small. The local market share skj|gt is
on average 7.4 percent, with significant heterogeneity by commuting zone and industry: it
ranges between 1.8 percent in Copenhagen to 29 percent in the more rural areas of Ribe and
Thisted, and between 3.2 percent in the construction sector and 31.5 percent in mining and
quarrying.

6.2. Passthrough of Productivity Shocks. Before proceeding with the estimation of our
structural model parameters, we first present suggestive evidence of strategic interactions in
the Danish labor market. Specifically, under certain production technologies, e.g., a special
case of the production function in equation (5.5) with ρk = 1, the passthrough of TFP shocks
to wages remains constant under monopsonistic competition, but varies with cross-elasticities
and market shares under oligopsonistic competition with strategic interactions.

To explore this, we examine whether the passthrough rate depends on an establishment’s
market share. As reported in Online Appendix D.5, we find that establishments with rela-
tively larger local or national market shares tend to exhibit lower passthrough rates. This
pattern aligns with the findings of Morelli and Herkenhoff (2025), who examine passthrough
and strategic interactions in credit markets, and is consistent with the presence of strategic
interactions at both the local and national levels in Denmark.

6.3. Estimates of Labor Supply. We report moments of the distribution of the average
labor supply elasticity and markdown estimates in Table 2. The average elasticity across
all worker types, establishments, and years is 3.891, and the average markdown is 0.782,
meaning that on average wages are marked down 22 percent relative to the marginal revenue
product of labor.33 There is significant heterogeneity in the distribution of labor supply
elasticity across establishments and workers, with the 10th and 90th percentiles being 2.244

and 5.629, respectively. Table 2 Panel B shows that the elasticities calculated using the
IV-estimated parameters are much larger than the corresponding OLS estimates.34

Our estimate of the mean labor supply elasticity is comparable to existing estimates rang-
ing between 3 and 5 (see Card, 2022, and references therein). In particular, Lamadon,
Mogstad and Setzler (2022) estimate a labor supply elasticity of 4.2, and Kroft et al. (2025)
find estimates ranging between 3.5 and 4.5 for the US construction sector. Berger, Herken-
hoff and Mongey (2022) estimate a distribution of firm-specific labor supply elasticities, the
33Note that a markdown of 0.782 is slightly lower than what one would obtain by computing the markdown
using our average elasticity estimate of 3.891. This is because the markdown is a nonlinear function of the
elasticity implying that the average markdown does not equal the ratio of the average elasticity over 1 plus
the average elasticity.
34Online Appendix Table F3 contains underlying parameter estimates for βk and σkg with bootstrapped 95
percent confidence intervals for each k-group. Our IV estimates for βk are significantly larger than our OLS
estimates implying significant downward bias in OLS. The IV estimates for σkg are slightly smaller than the
corresponding OLS estimates.
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Panel A. Estimated Labor Supply Parameters

Mean Median P10 P90

Labor Supply Elasticity (equation (C.1)) Ekjt 3.891 3.501 2.244 5.629

Markdown
(
mdkj =

Ekj
1+Ekj

)
mdkjt 0.782 0.778 0.692 0.849

Cross-wage Super-elasticity (equation (C.3)) ζkjt -0.123 -0.034 -0.346 -0.003

Panel B. Elasticities and Markdowns by k-group

IV OLS

k-group Ekjt mdkjt Ekjt mdkjt

1. Female, 26-35, no college 5.369 0.843 -0.054 -0.057
2. Female, 26-35, college 7.284 0.879 -0.186 -0.229
3. Male, 26-35, no college 4.632 0.822 0.814 0.449
4. Male, 26-35, college 6.971 0.875 0.631 0.387
5. Female, 36-50, no college 4.212 0.808 0.437 0.304
6. Female, 36-50, college 5.446 0.845 0.107 0.097
7. Male, 36-50, no college 3.265 0.766 0.615 0.381
8. Male, 36-50, college 3.617 0.783 0.182 0.154
9. Female, 51-60, no college 2.681 0.728 0.488 0.328
10. Female, 51-60, college 0.505 0.336 0.310 0.237
11. Male, 51-60, no college 2.726 0.732 0.579 0.367
12. Male, 51-60, college 2.125 0.680 0.292 0.226
Overall 3.501 0.778 0.488 0.328

Table 2. Panel A: Moments of the estimated distributions of the establishment- and k-group-level elastic-
ities and markdowns. Panel B: Median of the pooled (over time) distribution of establishment-level labor
supply elasticities and markdowns for each k-group, IV and OLS.

average across firms weighted by firm payroll is below 5 and the unweighted average across
firms is above 9. The experimental literature finds a wider range of estimates between ap-
proximately 2 and 10 (Sokolova and Sorensen, 2021; Bassier, Dube and Naidu, 2022; Emanuel
and Harrington, 2025; Dube, Manning and Naidu, 2025). A key feature of our framework
is that elasticities vary by worker type, establishment, and market. On the worker side, the
overall labor supply elasticity estimate masks significant heterogeneity; the IV estimates in
Table 2 Panel B show that median elasticities across worker types range from 0.5 to 7.3.
Younger workers tend to have significantly higher elasticities than older workers. Among
younger workers, the more educated are more elastic than the less educated but this pattern
reverses for older workers. Younger college-educated women and older women have similar
or lower elasticity estimates than men, while younger non-college-educated and middle-aged
women have higher elasticities than men of the same age and education.35

35The experimental literature finds on average that women have lower labor supply elasticities than men
(Sokolova and Sorensen, 2021), but there are a few exceptions. For example, using experimental evidence
from Uber drivers in Houston, Caldwell and Oehlsen (2023) do not find any evidence that firm-specific
elasticities differ by gender.
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Figure 1. Average labor supply elasticity (Ekjt) and markdown (mdkjt) by local market share (skj|gt).
Local market: Commuting Zone×Industry.

On the establishment side, Figure 1 shows that larger establishments—measured according
to their inside share—face smaller elasticities and hence mark down wages further below the
marginal revenue product of labor. Equation (C.1) in the Online Appendix shows that this
relationship is not purely mechanically driven by the Nested Logit functional form since the
elasticity also depends on the overall market share and on the k-group- and market-specific
variance of the idiosyncratic amenities.36 We also verify that our empirical estimates satisfy
a key requirement for the uniqueness proof of the model equilibrium.

Given the labor supply estimates, we recover the establishment and k-group specific
amenity terms ukjt using equation (5.3). In Online Appendix Table F4, we investigate how
deterministic preferences for amenities vary across job characteristics. Our results are in line
with those for the US reported in Sorkin (2018), who finds evidence of low-value amenities
for mining and transportation, as well as a strong contribution of establishment location to
amenity values.

6.4. Estimates of Labor Demand. We report the production function estimates in Ta-
ble 3. Panel A reports the average IV and OLS estimates of the labor substitution parameters
ρk and the persistence of labor productivity δ. The IV estimates for ρk are 1.001 on aver-
age, range between 0.936 and 1.031, are typically not statistically different from 1, and are
fairly similar to the OLS estimates. These estimates imply that the different labor types in
our context are highly substitutable, although the actual elasticity of substitution between

36Online Appendix Figure F1(b) plots the cross-wage super-elasticity by worker type k as a function of the
local market share skj|gt. For very small establishments, this is close to 0 and it declines as establishments
get larger.



28 AN EMPIRICAL FRAMEWORK FOR MATCHING WITH IMPERFECT COMPETITION

two labor types at a given establishment will also depend on the relative employment/input
levels of these two labor types, as we show below. We find that labor productivity is highly
persistent with δ = 0.803.

Panel B reports moments of the distribution of the establishment-level parameters. The
distribution of αjt is significantly skewed with mean 0.545 and median 0.194. Similarly, the
distribution of the overall productivity term θ̃

αjt

jt is highly skewed: the 90-10 ratio for private
sector establishments in Denmark is 3.128.37 Panel C reports moments of the distribution of
the lower bound of passthrough of TFP shocks to wages as derived in Online Appendix C.2,
equation (C.4). We find a mean passthrough lower bound of 62 percent.

We next use the production function and labor supply estimates to construct establishment
j and k-group specific labor demand elasticities, ηkjt, which we report in Panel C. The labor
demand elasticities are negative as expected (since higher wages decrease demand for each
type of labor). The distribution is fairly skewed, with mean −15.289 and median −5.278,
which implies that a 1 percent increase in wage decreases average labor demand by 5.278

percent. There is significant heterogeneity by k-group (see Online Appendix Table F6), with
median labor demand elasticities ranging from −3.051 for middle-aged men with no college
degree, up to −12.799 for middle-aged women with a college degree.

Recall that the labor productivity parameters γkjt are normalized at the establishment
level. Thus, estimates of γkjt only have a meaningful interpretation within establishments.
To interpret relative differences in labor productivity across k-groups, we regress γkjt on
establishment×year and worker characteristics (Table 3, Panel D). Generally, the estimates
show that more educated workers have higher productivity than less educated workers, and
that women are less productive than men. We also see that younger workers (age 26-35) are
less productive than older workers (age 36+).

To get a better sense of what our production function estimates imply for labor substi-
tutability, we compute the Morishima elasticity of substitution (MEOS, Morishima, 1967).
For the standard CES case with two inputs, the MEOS is equivalent to the standard Allen-
Uzawa elasticity of substitution. However, when considering non-homogeneous production
functions and/or production functions with 3 or more inputs (such as ours), the MEOS
represents more accurately the underlying substitution elasticities faced by the firm (Black-
orby and Russell, 1989). Moreover, in settings where firms have monopsony power in input
markets, it is unclear how to interpret formulations of the elasticity which rely on deriva-
tives with respect to wages (since wages are chosen by firms and are not exogenous) such as
the Allen-Uzawa elasticity. Specifically, we use the generalized MEOS derived by Kuga and

37This appears high relative to estimated firm productivity ratios in the industrial organization literature;
however the measures should not be directly compared, as our model-relevant measure of productivity
subsumes both TFP and firm variation in non-labor inputs (capital and intermediates/materials). These
estimates are also usually reported within the manufacturing sector, we consider the entire private sector.
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Panel A. Estimated Parameters from equation (5.8)

IV OLS

Persistence of Labor Productivity δ 0.803 0.802
[0.800; 0.805] [0.800; 0.804]

Labor Substitution Parameters ρk 1.001 0.999
(average of ρ1–ρ12) [0.987; 1.015] [0.995; 1.003]

Panel B. Distribution of Other Estimated Parameters

Mean Median P10 P90

Labor Productivity (equation (5.9)) γkjt 0.287 0.223 0.084 0.543
Scale Parameters (equation (5.10)) αjt 0.545 0.194 0.063 0.459

log of TFP (equation (5.11)) log(θ̃
αjt

jt ) 8.785 7.437 6.125 9.252

Panel C. Distribution of Labor Demand Elasticities and TFP Passthrough Lower Bound

Mean Median P10 P90

Labor Demand Elasticities (ηkj ≡ F j
k/ℓkjF

j
kk) ηkjt -15.289 -5.278 -30.023 -1.431

TFP Passthrough Lower Bound min

(
θ̃
αjt
jt

wkj

∂wkj

∂θ̃
αjt
jt

)
0.617 0.619 0.335 0.909

Panel D. OLS of Labor Productivity (γkjt) on Worker Characteristics

Constant (reference: Male, 26-35, no college) 0.210
College 0.041
Female -0.051
Age 36-50 0.057
Age 51-60 0.079

Table 3. Parameter estimates for the production function in equation (5.5). Panel A: IV and OLS estimate
of δ and the average of our estimates for ρk. Bootstrapped 95 percent confidence intervals in square
brackets (Hall, 1992) (average of the 12 confidence intervals for ρk). Panel B: moments of the estimated
distributions of the establishment-level production function parameters (γkjt, αjt, θ̃

αjt

jt ). Panel C: moments
of the establishment-level labor demand elasticities (ηkjt) and the lower bound of the passthrough of TFP
shocks to wages (derivation in Online Appendix C.2, equation (C.4)). Panel D: Estimates from OLS of
γkjt on worker characteristics and year×establishment fixed effects (not reported). Reference: Male, 26-35,
no college. Number of observations: 2,2660,080. R2 = 0.838. Robust standard errors all below 0.0005,
p < 0.001. Underlying parameter estimates and full distributions in Online Appendix F.

Murota (1972), where the MEOS of input factor k by h is defined as:

MEOSkhjt =
F j
ht

ℓkjt

Hkhjt

Hjt

− F j
ht

ℓhjt

Hhhjt

Hjt

where F j
ht = ∂F j

t /∂ℓhjt, ℓkjt is the level of labor input k, Hjt is the bordered Hessian for
the production function for establishment j in period t, and Hkhjt is the cofactor of the
∂2F j

t /∂ℓkjt∂ℓhjt term in H. We calculate the MEOS for every input pair, across every
establishment, in every period, and report the mean input pair-specific elasticities in Online
Appendix Table F7. The estimated elasticities are quite high. Note that the MEOS is not
symmetric, unlike the Allen-Uzawa elasticity of substitution. For example, the elasticity of
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substitution of non-college-educated by college-educated middle-aged men is 23, with the
reverse being −19. The pattern of the average MEOS terms broadly follow the estimated
ρk parameters, with young college-educated women (k-group 2) having both the highest ρk
parameter, and some of the lowest overall substitution elasticities. Similarly, middle-aged
college-educated men (k-group 8) have the lowest ρk and highest average elasticities.

6.5. Sorting. Using the first-order condition for the optimal wage in equation (5.6), we
define the establishment wage premium (Premiumjt) as the the component of the optimal
wage that varies only by establishment j:

Premiumjt = αjtθ̃
αjt

jt

∑
k∈Cj

t

γkjtℓ
ρk
kjt

αjt−1

In Figure 2, we illustrate the sorting of worker types across the distribution of the estab-
lishment wage premium. The k-groups are ordered slightly differently in panels (a) and (b)
to highlight sorting by education and gender, respectively. We find clear evidence of sorting
by education: only 10 percent of workers in the bottom decile of the premium distribution
are college educated, versus 38 percent in the top decile. We do not find strong evidence
of sorting based on gender. If anything, sorting of women appears to follow a U-shaped
pattern: women are over-represented in both the bottom and top decile firms. In particular,
women tend to sort into higher-premium establishments within sectors with a low share of
women such as agriculture, mining, electricity, construction, and transportation, but sort
into lower-premium establishments in retail and service sectors.

6.6. Empirical Analysis of the GCI. In Section 2.1, we derived the generalized concentra-
tion index (GCI) and showed the link between social welfare and labor market concentration.
In the Nested Logit Economy, the GCI takes the following form:

GCI(sk·) ≡ exp

sk0 ln sk0 + G∑
g=1

[ 1

σkg

∑
j∈Ng

skj ln skj + (1− 1

σkg
)skg ln skg

]

= ΠGg=0

 exp

∑
j∈Ng

skj|g ln skj|g

︸ ︷︷ ︸
within-group concentration index



skg
σkg

× exp


G∑
g=0

skg ln skg

︸ ︷︷ ︸
between-group concentration index

(6.1)

where N0 ≡ {0} and σk0 = 1.
In general, the GCI in a Nested Logit Economy has a very natural and intuitive interpreta-

tion. It is a weighted function of “within-group” concentration values, and a “between-group”
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(a) sorting over Premiumjt by education (b) sorting over Premiumjt by gender

Figure 2. Sorting of worker types across deciles of the distribution of the establishment wage premium. This
figure shows the employment share of each k-group for each deciles of the establishment-level distribution
of wage premium. In Panel (a), the k-groups are ordered by education: non-college graduates in red (older
workers in lighter red) and college graduates in blue (older workers in lighter blue). In Panel (a), the k-groups
are ordered by gender: women in red (college-educated in lighter red) and men in blue (college-educated in
lighter blue). Online Appendix Figure F4 replicates this figure for αjt and θ̃αjt

jt .

component.38 As pointed out in Maasoumi and Slottje (2003), this type of decomposabil-
ity of a concentration index is very useful for examining heterogeneity across different local
markets. It allows one to identify areas with high concentration levels and the firms that
contribute to it. It also allows policy makers to identify the impact of various policy reforms
on any desired group of firms and local markets, as well as on overall concentration.

We use our market share data and estimates of σkg to calculate the GCI for Denmark.
Table 4 shows the decomposition of the GCI, as well as k-group-average local market within-
group concentration index (WCI) and local and overall market HHI. Column 1 shows the
overall GCI which is the product of the WCI aggregated using a weighted geometric mean
(column 2) and the between-market index (column 3). The rows of Table 4 are sorted
from the most concentrated to least concentrated according to the overall GCI. Non-college-
educated women aged 26 to 35 are the group facing the highest market concentration, while
college-educated men aged 36 to 50 are the group facing the least concentration.

As a reference point, assume that there are 5 symmetric establishments with equal market
share (which is usually interpreted as corresponding a moderate level of concentration). This
corresponds to an HHI of 0.2 and a WCI of approximately 0.5. According to this benchmark,
roughly 68 percent of local markets have a concentration level above 0.50 when averaging
across k-groups (73 percent with the HHI). Moreover, the average level of concentration of

38Similarly to the HHI, the different components that form the CGI are special cases to the Hannah and
Kay (1977) concentration index.
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GCI

Within- Between- Local Local Overall
k-group Overall Group Group WCI HHI HHI

1 Female, 26-35, no college 0.0218 0.4528 0.0469 0.7295 0.5181 0.0000
9 Female, 51-60, no college 0.0196 0.4885 0.0390 0.6690 0.4893 0.0001

10 Female, 51-60, college 0.0154 0.4068 0.0362 0.8577 0.6388 0.0002
2 Female, 26-35, college 0.0099 0.4166 0.0233 0.8186 0.6002 0.0003
5 Female, 36-50, no college 0.0060 0.3836 0.0156 0.6144 0.4622 0.0001
6 Female, 36-50, college 0.0040 0.3240 0.0120 0.7561 0.5630 0.0005

11 Male, 51-60, no college 0.0023 0.3579 0.0065 0.5787 0.4406 0.0001
3 Male, 26-35, no college 0.0022 0.3446 0.0065 0.6166 0.4543 0.0001
4 Male, 26-35, college 0.0021 0.2877 0.0073 0.7685 0.5658 0.0005

12 Male, 51-60, college 0.0018 0.2809 0.0064 0.7606 0.5622 0.0003
7 Male, 36-50, no college 0.0013 0.3008 0.0041 0.5362 0.4153 0.0001
8 Male, 36-50, college 0.0010 0.2344 0.0043 0.6913 0.5255 0.0005

Table 4. Columns 1-3: Generalized Concentration Index (GCI) and the contribution of the within- and
between-group components as in equation (6.1). Column 1 is the product of columns 2 and 3. Column 4:
Within-group Concentration Index (WCI) as in equation (6.1), calculated as the arithmetic mean of the
WCI computed for each local market. Columns 5-6: local and overall Herfindahl-Hirschman Index. The
local index is calculated as the arithmetic mean of the HHI computed for each local market. The overall
HHI is calculated using the whole of Denmark as one market. We rank the k-groups from most concentrated
to least concentrated according to the GCI. We calculate the GCI for the full population of private sector
establishments in Denmark, extrapolating the σkg estimates obtained with the restricted estimation sample.
All reported numbers are averages over the period 2001-2019.

these concentrated local markets is around 0.94. The WCI also shows significant hetero-
geneity in concentration by worker type. Local markets for college-educated men tend to be
more concentrated than local markets for non-college-educated men in the same age group,
but this is the opposite for women. Overall, local markets for women are more concentrated
than local markets for men (at all education levels).

Table 4 shows that the low overall GCI (column 1) is driven mainly by low between-market
concentration (column 3), while within-market concentration is markedly higher (column 2).
In contrast, the overall HHI (column 6) yields a very different ranking across k-groups,
reflecting that indices load on different moments of the share distribution: HHI emphasizes
second moments, whereas entropy-type measures like the GCI also incorporate higher-order
moments (Maasoumi and Theil, 1979). An additional factor that leads to differences between
the GCI and the HHI is how it aggregates information across local markets. In particular,
equation (6.1) shows that both the overall GCI (column 1) and the within-group GCI (column
2) depend on σkg which captures the degree of correlation of worker preferences within the
local market g. Online Appendix Table F3 shows that low-educated women aged 26 to
35 have a relatively high σkg estimate. Even though this worker type has below-average
concentration levels when ranked according to the HHI (both overall and within-market
average, columns 5 − 6), it is the most concentrated type when ranked according to the
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overall GCI, and this difference is driven by the within-group GCI which weights the local
entropy index using σkg (column 2).39

7. Counterfactual Analyses

In this section, we use the estimated model to gauge the separate roles of heterogeneity in
labor supply, heterogeneity in labor demand, and strategic wage-setting in determining equi-
librium wage inequality, concentration, and welfare. To fix ideas, recall that Ξ is the vector of
model parameters, and let Ξ̂ denote the empirical estimates of these parameters. For exam-
ple, we denote by Vp(Ξ̂) the variance of log wages predicted by our model. We obtain Vp(Ξ̂)

by fixing Ξ̂, solving the model equilibrium in equation (3.1) using the Jacobi/Gauss-Seidel
algorithm, and computing the variance of log wages in the resulting data. Our counterfactual
analysis follows this approach by fixing the model parameters at some counterfactual values,
Ξc, and then using the model equilibrium to compute the statistics of interest associated
with this counterfactual scenario. An important difference in our approach relative to the
literature (e.g., Taber and Vejlin, 2020) is that because we always resolve the full equilib-
rium, every counterfactual encapsulates the general equilibrium reallocation of workers and
the resulting feedback to wages and employment.

We consider five scenarios. The first four each eliminate one dimension of heterogeneity,
thus serving as a model-based variance decomposition. The final scenario contrasts our
oligopsony baseline with a monopsony scenario where firms have fixed markdowns. We list
the exact scenarios below, where X denotes the employment-weighted mean of X unless
stated otherwise:

(1) Labor supply parameters :
[A ]: Remove heterogeneity in deterministic preferences for amenities: uckj = u.
[B ]: Remove heterogeneity in stochastic preferences for amenities: βck = β, σcgk = σ.

(2) Labor demand parameters :
[C ]: Remove worker skill heterogeneity within firm j: γckj = γ, and no heterogeneity

in the rate of substitution across k groups: ρck = ρ.
[D ]: Remove heterogeneity in production technology: (θ̃

αj

j )c = θ̃α , αcj = α.
(3) Strategic interactions :

[E ]: Force every firm to treat the market-level labor supply elasticity as fixed at
the “zero-share” elasticity, εckjt = βkσkg.

For each scenario, in Table 5 we report summary statistics for the log wage, elasticities,
markdowns, the generalized concentration index (GCI), the non-employment rate, output
and welfare. To examine the change in welfare for each scenario, we define the Equivalent
39The decomposability of the GCI allows us to identify the local markets contributing the most to overall
concentration. These are mining and quarrying typically in smaller commuting zones (based on population
counts), electricity, gas and steam and water supply/sewage.
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Variation, EVk, as the value which makes workers in group k indifferent between a coun-
terfactual c and the baseline. It is the scalar EVk that solves Wk(Wk × EVk, Ξ̂, λ,R) =
Wk(W

c
k ,Ξ

c, λ,R) where Wk and Wk are the social welfare and vector of wages, respectively,
for k-group workers. To attribute welfare changes, we decompose EVk into two terms fol-
lowing equation (2.13): changes in the deterministic gains from matching, ∆mk

∑
j ṽkjskj

(EV-V), and changes in the GCI, ∆(−mk lnGCIk) (EV-G). By construction, these contri-
butions sum to EVk − 1. We report the individual-weighted mean Equivalent Variation
(EV ≡

∑
k EVk

ℓk∑
k ℓk

) and the decomposition in Table 5, with the k-specific EVk terms
reported in Appendix Table F8.40 Focusing on these key statistics allows us to compare
the qualitative and quantitative importance of amenities, worker skills, firm technologies,
and strategic interactions in shaping wages and employment. In Table 6, we examine the
distributional consequences of strategic interactions.

7.1. Results. First, we highlight the key forces in the model that affect wages and how
these forces interact. Equation (5.6) shows that wages depend directly on αjt, γ̃kjt, ρk, the

composite term
(∑

k∈Cj
t
γ̃kjtℓ

ρk
kjt

)αjt−1

, and the markdown. The latter is a novel channel
through which these primitives can affect wages, since models of monopsonistic competition
predict constant markdowns. First, consider the deterministic preference for amenities, ukj.
The primary channel through which ukj affect wages is via the labor supplies ℓkjt in the
composite term (and hence the MRPL) and the shares that enter the markdown. Second,
consider the stochastic preference for amenities, βk and σgk. These enter directly through
the labor supply elasticities and hence the markdown and also indirectly through the en-
dogenous labor supplies which enter the MRPL and the shares that enter the markdown.
Third, consider worker skill γkj, the substitution parameter ρk, and the production function
parameters, θ̃αj

j and αj. These primitives affect the MRPL directly, and indirectly through
the composite term. They also affect markdowns through the endogenous market shares.
In general, the effects of shutting down heterogeneity in the model primitives on wages will
depend on whether there is heterogeneity in the labor allocation (or worker skill) across firms
through the composite term. Since this depends on whether there is heterogeneity in the
deterministic preference for amenities (or worker skill), the forces in the model interact.

At a broad level, each factor influences wages through both the markdown and the MRPL,
through endogenous labor supplies and market shares. However, an important insight from
our counterfactual analyses is that variation in MRPL across firms is the primary driver
of wage inequality. This is evident in the first column (“Baseline”) of the second panel
(“Wage-Variance Decomposition”) of Table 5 where, using the first-order condition for wages
(equation (5.6)), we find that the total variance of 0.111 breaks down into a 0.139 variance in
log MRPL compared to a variance of just 0.019 for log markdowns. The overall wage variance
40We do not report social welfare since it is not money-metric and is thus difficult to interpret.
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Baseline CFA CFB CFC CFD Monopsony

Wages, Elasticities, and Markdowns

Mean Log Wage 3.837 3.944 3.879 4.058 3.662 3.859
Mean Labor–Supply Elasticity 3.572 3.963 3.665 3.674 3.659 4.020
Mean Markdown 0.757 0.781 0.781 0.763 0.765 0.780

Wage–Variance Decomposition

Variance of Log Wages 0.111 0.187 0.180 0.140 0.180 0.111
Variance of Log Markdown 0.019 0.008 0.002 0.017 0.018 0.014
Variance of Log MRPL 0.139 0.180 0.185 0.123 0.177 0.136
2× Cov(logMarkdown, logMRPL) −0.047 −0.001 −0.007 −0.000 −0.015 −0.039

Concentration

GCI 0.008 0.028 0.123 0.003 0.014 0.007

Employment

Employment rate 0.629 0.576 0.625 0.748 0.519 0.638

Output (bll. DKK)

Output Y 3,103 3,058 3,142 3,594 1,406 3,109

Welfare

Equivalent Variation EV - 1.520 10.018 1.382 0.547 1.011
EV-V (Matching) - 0.415 6.113 0.034 -0.240 -0.020
EV-G (Concentration) - 0.105 2.905 0.348 -0.213 0.031

Table 5. Baseline vs. Counterfactual Scenarios. Means and Variances are employment-weighted. GCI val-
ues are the across-group means computed in the counterfactual decomposition. MRPL denotes the marginal
revenue product of labor. CFA equalizes deterministic amenities (ukj = ū). CFB equalizes idiosyncratic
taste–dispersion parameters (βk = β̄, σkg = σ̄). CFC equalizes worker–firm match productivity and sub-
stitution parameters (γ̃kj = γ̄, ρk = ρ̄). CF D sets firm productivity and returns to scale to the median
(θαj

j = θ̄α and αj = ᾱ). “Monopsony” forces firms to face the elasticity εkj = βkσkg. The upper bar is a
convention to denote that the outcome is an observation-weighted mean, except in D where it represents
the median. The mean Equivalent Variation (EV ) is calculated such that welfare in the baseline economy
would be the same as a given counterfactual if all baseline workers had their wages multiplied by EV . We
exclude k-group 10 (female, 51-60, college) from this calculation because the estimated wage-preference
parameter β for this group is not statistically significant and close to zero, leading to unreliable results.
Baseline and counterfactual outcomes are reported for t = 2015.

is moderated by the negative covariance between MRPL and markdowns, which reduces the
wage variance by 0.047. Of course, this understates the contribution of markdowns to wage
inequality; on average, a markdown must exist for firm-level MRPL differences to translate
into wage disparities among individuals.

Table 5 displays the main results of our counterfactuals. The first counterfactual labeled
“Baseline” is calculated by solving the model using our estimated parameters. Reassur-
ingly, the counterfactual log wage variance evaluated using the estimated parameters (0.111)
matches the empirical wage variance in 2015 almost exactly. Thus, the estimated structural
model is well suited to investigating the sources of wage inequality in Denmark.
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The next set of counterfactual exercises (A–D) highlight the importance of different mech-
anisms in shaping wage inequality in Denmark. In scenario [A], removing heterogeneity in
the deterministic preferences for amenities (ukj = ū) increases wages by 11 percent and the
variance of log wages by 68 percent. The mechanism is the positive baseline correlation be-
tween firm productivity and amenities: once compensating differentials are eliminated, large
high-wage firms raise pay to offset the now less-valued amenities, while smaller low-wage
firms reduce pay because amenities there become relatively more valuable. The result is
greater dispersion in wages and MRPL, and a higher average wage. On average, workers
strongly prefer this scenario: it would take a 52 percent increase in baseline wages to leave
them indifferent. As shown in Appendix Table F8, the gains are concentrated among younger
workers and women, who are more likely to work at low-amenity firms. Older workers and
men respond by exiting employment, lowering the overall employment rate from 63 percent
to 58 percent and reducing output by 45 billion DKK. Concentration rises for older workers
and, despite a decline for younger workers, this net effect raises overall concentration. By
contrast, the welfare gains for younger workers exceed the welfare losses for older workers,
producing an aggregate increase in welfare.

In scenario [B], eliminating heterogeneity in the stochastic preferences for amenities across
worker types and local markets (βk = β̄, σkg = σ̄) leads to a rise in wages and wage inequality.
In the baseline economy, there is a negative correlation between MRPL and markdowns,
which moderates wage disparities across firms. When we remove variation in stochastic
preferences, markdowns become nearly uniform, causing the variance in log wages to closely
mirror the variance in MRPL, which, in turn, increases from the baseline. As a result, wage
inequality increases by 62 percent. This scenario is strongly preferred by older, male, and
less-educated workers as these workers have lower preferences for wage income relative to
amenities in the baseline scenario, with an average welfare gain of 10. As in scenario A,
overall concentration and welfare both rise. Appendix Table F8 indicates this pattern is
driven by a composition effect from heterogeneous impacts across age groups. Despite a
small decline in employment, output increases by 39 billion DKK as labor reallocates toward
higher-wage (higher-MRPL) firms.

Scenario [C] examines the contribution of worker skill (γ̃kj = γ̄, ρk = ρ̄). Removing
heterogeneity in worker skill brings the model closer in structure to that of Berger et al.
(2022).41 We find that eliminating heterogeneity in worker skill increases the variance of log
wages by 26 percent. Relative to the baseline economy, as expected, we find that the dis-
persion (across workers and firms) in the MRPL falls, which acts to reduce wage inequality.

41It is important to note that Berger et al. (2022) do not incorporate deterministic preferences for ameni-
ties, nor do they allow for heterogeneity in stochastic preferences for amenities across firms and markets.
Therefore, scenarios [A] and [B] also shed light on the differences between the modeling approaches.
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However, there is a second force in the model which dominates: the covariance across work-
ers and firms between the MRPL and markdown, which is negative in the baseline economy,
becomes negligible. This acts to increase overall wage inequality, demonstrating the impor-
tance of allowing for heterogeneous markdowns across workers and firms. We also see that
concentration decreases which acts to increase welfare overall. Overall employment increases
with a corresponding 491 billion DKK increase in output. These changes in concentration,
employment, and welfare are driven largely by younger and less-educated workers.

In scenario [D], we fix firm productivity (θαj

j = θ̄α and αj = ᾱ) at the median. This me-
chanically reduces heterogeneity in MRPL. However, in equilibrium, workers endogenously
sort into the limited number of firms offering attractive amenities. The variance decompo-
sition shows that this increases dispersion in MRPL and thus the variance of log wages by
62 percent, highlighting the importance of incorporating general equilibrium effects. Equal-
izing firm productivity depresses mean wages and increases concentration, lowering welfare
(EV = 0.547) since workers in the baseline cluster in more productive firms. Truncating the
right tail more than halves output and drives employment down to almost 50 percent.42

The final counterfactual (“Monopsony”) in the last column of Table 5 evaluates the role of
strategic interactions by fixing labor supply elasticities to the “zero-share elasticity” specific
to each worker type and labor market (εkj = βkσkg). Under this assumption, firms treat
these elasticities as given and do not internalize how their wage-setting decisions affect the
wages offered by other firms in the market. This counterfactual closely resembles the “classic
monopsony” framework analyzed in Lamadon et al. (2022). Eliminating strategic interactions
raises the average wage by 2.2 percent, primarily due to a 13 percent increase in the average
labor supply elasticity and a 3 percent rise in the average markdown. We also find an increase
in welfare coming primarily from a decline in concentration. While in principle removing
strategic interactions can reduce wage inequality through less dispersion in the markdown
across firms, in practice we find that it mainly leads to a shift in the mean wage.

The impact of removing strategic interactions varies across worker types. Table 6 reports
the mean log wage, mean elasticity, mean markdown, concentration, the non-employment
rate, welfare and a measure of sorting (the mean firm characteristic for each group) for several
groups of workers. For each group, the first column shows the baseline outcomes, while the
second column reports the percentage changes resulting from the elimination of strategic
interactions. We focus on comparing men versus women, and college-educated versus non-
college-educated workers. Both men and women experience equal wage gains, driven by a
similar increase in markdowns, which leads to higher employment levels. The shift toward
monopsony also leads to a reallocation of workers to establishments with higher productivity

42Table 5 illustrates that there is no fundamental relationship between concentration and wages. In scenarios
[A] and [B], both concentration and wages increase. In scenario [C] and “Monopsony”, concentration decreases
while wages increase. In scenario [D], concentration increases while wages decrease.
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Female Male Non-college College
Base Mon (%∆) Base Mon (%∆) Base Mon (%∆) Base Mon (%∆)

Wages, Elasticities, and Markdowns

Mean Log Wage 3.720 2.3 % 3.884 2.3 % 3.738 2.4 % 4.041 2.0 %
Mean Labor Supply Elasticity 4.111 14.5 % 3.354 11.5 % 3.223 11.6 % 4.293 14.1 %
Mean Markdown 0.769 3.0 % 0.753 3.0 % 0.752 3.2 % 0.769 2.7 %

Concentration

GCI 0.016 −8.2 % 0.002 −5.0 % 0.008 −7.9 % 0.006 −6.7 %

Employment

Employment rate 0.476 2.2 % 0.725 1.0 % 0.600 1.5 % 0.703 1.1 %

Welfare

Equivalent Variation EV k - 1.9 % - 0.7 % - 1.4 % - 0.7 %
EV-Vk (Matching) - −2.5 % - −2.0 % - −2.2 % - −2.1%
EV-Gk (Concentration) - 4.4 % - 2.7 % - 3.6 % - 2.8 %

Sorting

Mean log(Premiumjt) 6.173 -1.0 % 6.054 -0.8 % 5.934 -0.6 % 6.407 -1.1 %
Mean alphajt 0.235 0.1 % 0.238 0.0 % 0.221 0.2 % 0.271 -0.3 %
Mean log(θ̃

αjt

jt ) 9.334 1.8 % 9.121 3.5 % 8.993 4.5 % 9.572 1.5 %

Table 6. Baseline vs. Monopsony Counterfactual by Gender and Education. “Mean” rows report
employment-weighted means, i.e., worker-level means. GCI values are the across-group means computed in
the counterfactual decomposition. The “Mon (%∆)” columns show the percentage change (in levels for log
variables) of the monopsony counterfactual relative to the baseline values in the associated “Base” column.
The mean Equivalent Variation (EV k) is calculated such that welfare in the baseline economy would be
the same as a given counterfactual if all baseline workers in that group had their wages multiplied by EV k.
Baseline and counterfactuals are reported for t = 2015.

(especially for men and non-college-educated workers) but lower wage premia (especially
women and college-educated workers). Additionally, non-college-educated workers benefit
more than their college-educated counterparts, primarily due to a relatively greater wage
increase. Part of this comes from a “bargaining effect” where in the new scenario, wages are
marked down by less for non-college-educated workers compared to college-educated workers.
The remaining part comes from a “selection effect” where non-college-educated workers are
relatively more likely to sort to better firms. Although all four groups are better off, women
and non-college-educated workers gain three and two times more in terms of EV k than men
and college-educated workers, respectively. This is in part due to a relatively larger reduction
in concentration for these groups.

8. Conclusion

This paper builds, identifies and estimates a structural two-sided matching model of the
labor market featuring strategic interactions. We demonstrate identification of labor supply
and demand parameters using instrumental variables and estimate the model parameters
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using matched employee-employer data from Denmark covering the period 2001-2019. Our
empirical results indicate heterogeneity in local markets according to concentration levels and
market power of firms which vary both by worker characteristics and firm characteristics.
We use our structural model to conduct a series of counterfactual analyses that highlight the
roles of heterogeneity and strategic interactions.

Our counterfactuals are a useful first step in demonstrating how our empirical framework
can be applied practically to address important questions. Our model and algorithm for
solving for the unique equilibrium can be used for examining other applications such as
minimum wage reforms, tax and transfer policies, labor market institutions such as unions (as
in Dodini, Salvanes and Willén, 2024) and mergers and acquisitions (as in Berger, Herkenhoff
and Mongey, 2025).
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Appendix A. Additional results

A.1. Optimal wage. Under Assumption 2 (a), the Karush-Kuhn-Tucker (KKT) necessary
conditions for optimality of the firm’s optimization problem are given by:43

(A-1) ℓkj + wkj
∂ℓkj
∂wkj
− λj ∂ℓkj∂wkj

F j
k (ℓ·j) ≥ 0,

(A-2) wkj ≥ 0,

43Notice that in the case where the production functions are non-differentiable (for instance the Leontief
Production function) sub-differential versions of KKT conditions are available and can be applied.
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(A-3) wkj
[
ℓkj + wkj

∂ℓkj
∂wkj
− λj ∂ℓkj∂wkj

F j
k (ℓ·j)

]
= 0,

(A-4) F j(ℓ·j)− Yj ≥ 0,
(A-5) λj ≥ 0,
(A-6) λj

[
F j(ℓ·j)− Yj

]
= 0, for all (k, j) ∈ (K × J ).

Given our ARUM and since ukj is finite, wkj = 0 implies that ℓkj = 0. Under Assumption 2
(b), (A-4) is not violated if there exist some k such ℓkj > 0 which under Assumption 1, means
wkj > 0. This means that each firm in this market pays a strictly positive wage to some
types of worker. Let Cj ⊆ K denote the set of worker types for whom firm j offers a strictly
positive wage. According our ARUM specification and Assumption 1, this is equivalent to
skj > 0 and thus, Cj ≡ {k ∈ K : skj > 0}. Then, (A-3) implies that (A-1) holds as an
equality for all k ∈ Cj and thus ℓkj > 0 for all k ∈ Cj. We then have

wkj = λjF
j
k (ℓ·j)

Ekj
1 + Ekj

, for all k ∈ Cj. (A.1)

Firm j optimally chooses to offer a wage equal to 0 when A-1 holds with strict inequality
which corresponds to the case where the marginal cost for this type of worker exceeds the
marginal product. Also, notice that all the RHS terms in equation (A.1) have to be positive
to ensure that A-4 holds, which is compatible with the previous assumptions used in the
model, i.e., Assumption 1, and 2.

Appendix B. Proofs of the main text results

B.1. Proof of Theorem 1. Fixed point representation of the existence of an
equilibrium. Recall that under Assumptions 1 and 2, the optimal wage (equation (2.7))
can be equivalently written as

wkj = λjF
j
k (ℓ·j(w))

Ekj(w)
1 + Ekj(w)

≡ Bkj(w), ∀(k, j) ∈ K × J . (B.1)

where B(w) ≡ (B11(.), ..., BKJ(.)). With this representation, showing the existence of an
equilibrium matching is equivalent to showing that the mapping B(w) admits at least a
fixed point, i.e., weq, such that B(weq) = weq and thus, skj(weq) = ∂Gk·(vk·)

∂vkj
|vkj=veqkj where

veqkj ≡ βkj lnw
eq
kj + lnukj.

Let T0 = {w : 0 ≤ w11 ≤ λ̄F̄ ′, ..., 0 ≤ wKJ ≤ λ̄F̄ ′}, be a closed and bounded rectangular
region in RKJ . Consider the iterative procedure defined below, where t indicates a generic
iteration step.

Step 0: Let ξt = (ξt
1
, ..., ξt

I+J
) and ξ

t
= (ξ

t

1, ..., ξ
t

I+J) be vectors of arbitrarily small non-

negative constants such that ξt
kj
≤ w ≤ λ̄F̄ ′ − ξ

t

kj for all (k, j) ∈ K × J . ξt is chosen
such that some of those components are strictly positive, which is ensured by the fact that
under Assumptions 1 and 2, Cj ̸= {∅} for each j ∈ J . And define, Ttξ = {w : ξt

11
≤
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w11 ≤ λ̄F̄ ′ − ξ
t

11, ..., ξ
t

KJ
≤ wKJ ≤ λ̄F̄ ′ − ξ

t

KJ}. Under Assumptions 1 and 2, and given
that Bkj(w) are continuous functions on a compact set Ttξ and λj < λ̄, there exist vectors
of non-negative constants (some strictly positive) ηt = (ηt

11
, ..., ηt

KJ
) and ηt = (ηt11, ..., η

t
KJ)

such that ηt
kj
≤ Bkj(w) ≤ λ̄F̄ ′ − ηtkj for all (k, j) ∈ K × J . More precisely, just take

ηt
kj

= infw∈Tt
ξ
Bkj(w), and ηtkj = λ̄F̄ ′ − supw∈Tt

ξ
Bkj(w), for all (k, j) ∈ K × J .

Step 1: Define ξt+1

i
= min(ξt

i
, ηt

i
) for for i = 11, ..., KJ and ξ

t+1

i = min(ξ
t

i, η
t
i) for i =

11, ..., KJ .
Step 2: If ξt+1

i
= ξt

i
and ξt+1

i = ξ
t

i then stop and define ϵi = ξt+1

i
, ϵi = ξ

t+1

i .

Step 3: If ξt+1

i
̸= ξt

i
or ξt+1

i ̸= ξ
t

i then t ← t + 1 and go back to step 0. percent= ξt
i
and

ξ
t+1

i = ξ
t

i then t go to the last step.
By construction, the sequences ξt

i
and ξ

t

i are positive, decreasing, and bounded below by
0, and therefore both sequences converge. Therefore, when the iteration stops in Step 2,
let Tϵ = {w : ϵ11 ≤ w11 ≤ λ̄F̄ ′ − ϵ11, ..., ϵKJ ≤ wKJ ≤ λ̄F̄ ′ − ϵKJ} be a closed and bounded
rectangular region in RKJ .
B(w) is a continuously differentiable mapping such that B(w): Tϵ → Tϵ. Thus, the

existence of a wage equilibrium weq is ensured by invoking the Brouwer fixed-point theorem.
Then, by construction we have the existence of (seq, weq).

B.2. Proof of Theorem 2. Let’s define

δkj(w) ≡ wkj − λjF j
k (ℓ·j(w))

Ekj(w)
1 + Ekj(w)

, ∀(k, j) ∈ K × J . (B.2)

where δ(w) = (δ11(w), ..., δKJ(w)) : Tϵ ⊆ RKJ −→ RKJ . Given existence of an equilibrium
matching from Theorem 1, showing uniqueness is equivalent to show the global univalence
of the mapping δ(w). Under Assumptions 1 and 2, δ(w) is continuously differentiable. Let
Jδ(w) be its Jacobian matrix,

Jδ(w)
(KJ×KJ)

=


∂δ11
∂w11

· · · ∂δ11
∂wKJ... . . . ...

∂δKJ

∂w11
· · · ∂δKJ

∂wKJ


According to Gale and Nikaido (1965), we know that δ(w) is globally univalent on Tϵ if
Jδ(w) is a P-matrix for all w ∈ Tϵ. In the rest of the proof, we show that Jδ(w) is indeed a
P-matrix whenever Assumption 3 holds.

In the following we will make use extensive use of the following lemma:

Lemma 1. Under Assumption 1, the following shape restrictions hold:

∂skj
∂wkl

≥ 0, if l = j

≤ 0, if l ∈ J0 \ {j}
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Proof.

skj = P
(
vkj + ϵij ≥ vkj′ + ϵij′ for all j′ ∈ J ∪ {0} ≡ J0

)
= P

ϵi0 − ϵij︸ ︷︷ ︸
εij0

≤ vkj − vk0, ..., ϵiJ − ϵij︸ ︷︷ ︸
εijJ

≤ vkj − vkJ


= Fεij0,...,εijJ (vkj − vk0, ..., vkj − vkJ).

Let F (l)
X1,...,XJ

(x1, ..., xJ) ≡ ∂
∂xl
FX1,...,XJ

(x1, ..., xJ). Then, we have:

∂skj
∂vkl

= −F (l)
εij0,...,εijJ

(vkj − vk0, ..., vkj − vkJ) ≤ 0, for l ̸= j,

∂skj
∂vkj

=
∑
l ̸=j

F (l)
εij0,...,εijJ

(vkj − vk0, ..., vkj − vkJ) ≥ 0,

where both inequalities hold because Fεij0,...,εijJ (.) is a joint CDF. □

Definition 2. Let A be a real square matrix. (i) A is a P -matrix if every principal minor
of A is positive, i.e., > 0. (ii) A is said to be a positive diagonally dominant matrix
if there exists a strictly positive vector d = (d1, ..., dn) where each di > 0 such that diAii >∑

j ̸=i dj|Aij|.

According to Proposition 1(ii) in Parthasarathy (2006), any real square matrix that is
positive diagonally dominant is a P -matrix. Recall that under Assumption 2, Cj ̸= {∅}.
In fact, in our modeling approach, λjF j

k (ℓ·j(w))
Ekj(w)

1+Ekj(w)
= 0 ⇐⇒ F j

k (ℓ·j(w)) = 0 for all
w ∈ Tϵ, but according to Assumption 2, for each j ∈ J there exists at least some k such
that F j

k (ℓ·j(w)) > 0 then λjF
j
k (ℓ·j(w))

Ekj(w)
1+Ekj(w)

> 0. Under Assumptions 1 and 2, for all
k ∈ Cj and j ∈ J , we have

∂δkj
∂wml

=


1− λj

∂ℓkj(wk·)
∂wkj

F jkk(ℓ·j(w))
Ekj(wk·)

1+Ekj(wk·)
− λjF jk (ℓ·j(w))

1
(1+Ekj(wk·))2

∂Ekj(wk·)
∂wkj

, if m = k, l = j

−λj
∂ℓkj(wk·)
∂wkl

F jkk(ℓ·j(w))
Ekj(wk·)

1+Ekj(wk·)
− λjF jk (ℓ·j(w))

1
(1+Ekj(wk·))2

∂Ekj(wk·)
∂wkl

, if m = k, l ̸= j

−λj ∂ℓmj(wm·)
∂wml

F jkm(ℓ·j(w))
Ekj(wk·)

1+Ekj(wk·)
, if m ̸= k.

for all (m, l) ∈ K × J . Notice that for all k ∈ Cj ≡ K \ Cj, j ∈ J , because F j
k (ℓ·j(w)) = 0

we have ∂δkj
∂wkj

= 1 and ∂δkj
∂wml

= 0 for m ̸= k or l ̸= j. For all k ∈ Cj denote dkj ≡ wkj/βkj > 0

and for all k ∈ Cj dkj = 1 and this for all j ∈ J . Consider two cases:
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Case 1: Assumption 3 holds: Under Assumption 3 we have the following sign restric-
tion on ∂δkj

∂wml
:

∂δkj
∂wml

=



1− λj
∂ℓkj(wk·)

∂wkj︸ ︷︷ ︸
≥0

F j
kk(ℓ·j(w))︸ ︷︷ ︸

≤0

Ekj(wk·)
1+Ekj(wk·)

− λjF j
k (ℓ·j(w))

1
(1+Ekj(wk·))2

∂Ekj(wk·)

∂wkj︸ ︷︷ ︸
≤0

> 0, if m = k, l = j

−λj
∂ℓkj(wk·)

∂wkl︸ ︷︷ ︸
≤0

F j
kk(ℓ·j(w))︸ ︷︷ ︸

≤0

Ekj(wk·)
1+Ekj(wk·)

− λjF j
k (ℓ·j(w))

1
(1+Ekj(wk·))2

∂Ekj(wk·)

∂wkl︸ ︷︷ ︸
≥0

≤ 0, if m = k, l ̸= j,

−λj ∂ℓmj(wm·)
∂wml

F j
km(ℓ·j(w))︸ ︷︷ ︸

=0

Ekj(wk·)
1+Ekj(wk·)

= 0, if m ̸= k.

Therefore, for all k ∈ Cj and j ∈ J , we can show that

wkj
βkj

∂δkj
∂wkj

−
∑

m ̸=k or l ̸=j

wml
βml

∣∣∣∣ ∂δkj∂wml

∣∣∣∣ =
wkj
βkj︸︷︷︸
>0

−λj

[
wkj
βkj

∂ℓkj(wk·)

∂wkj
+
∑
l ̸=j

wkl
βkl

∂ℓkj(wk·)

∂wkl

]
︸ ︷︷ ︸

mk
∑

l∈J
∂skj(wk·)

∂vkl
=−mk

∂skj(wk·)
∂vk0

≥0

F j
kk(ℓ·j(w))︸ ︷︷ ︸

≤0

Ekj(wk·)
1 + Ekj(wk·)

−λj F j
k (ℓ·j(w))︸ ︷︷ ︸

≥0

1

(1 + Ekj(wk·))2

[
wkj
βkj

∂Ekj
∂wkj

+
∑
l ̸=j

wkl
βkl

∂Ekj(wk·)
∂wkl

]
︸ ︷︷ ︸∑

l∈J
∂Ekj(wk·)

∂vkl
=−

∂Ekj
∂vk0

≤0

> 0. (B.3)

All the sign restrictions hold under Assumption 3. Two main non-obvious points in the
previous inequality are the following equalities:

∑
l∈J0

∂skj(wk·)

∂vkl
= 0 and

∑
l∈J0

∂Ekj(wk·)

∂vkl
= 0.

The trick behind these equalities is the fact that an increase of all mean gross utility vk·

does not affect the share skj, as remarked by Berry (1994), and the elasticity Ekj. Moreover,

for all k ∈ Cj, and j ∈ J , dkj
∂δkj
∂wkj
−
∑

m̸=k or l ̸=j dml

∣∣∣∣ ∂δkj∂wml

∣∣∣∣ > 0 trivially holds. Therefore,

Jδ(w) is indeed a P-matrix for all w ∈ Tϵ, and then δ(w) is globally univalent on Tϵ, which
completes the proof.
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Case 2: Assumption 3 (i) holds: In such a context we can show that

wkj
βkj

∂δkj
∂wkj

−
∑

m̸=k or l ̸=j

wml
βml

∣∣∣∣ ∂δkj∂wml

∣∣∣∣ =
wkj
βkj

+ λj
∑
m̸=k

−wmj
βmj

∂ℓmj(wm·)

∂wmj
+
∑
l ̸=j

wml
βml

∂ℓmj(wm·)

∂wml


︸ ︷︷ ︸

−
∂ℓmj
∂vm0

−2
∂ℓmj
∂vmj

∣∣∣F jkm(ℓ·j(w))∣∣∣ Ekj(wk·)
1 + Ekj(wk·)

−λj

[
wkj
βkj

∂ℓkj(wk·)

∂wkj
+
∑
l ̸=j

wkl
βkl

∂ℓkj(wk·)

∂wkl

]
︸ ︷︷ ︸

mk
∑

l∈J
∂skj(wk·)

∂vkl
=−mk

∂skj(wk·)
∂vk0

≥0

F jkk(ℓ·j(w))︸ ︷︷ ︸
≤0

Ekj(wk·)
1 + Ekj(wk·)

−λj F jk (ℓ·j(w))︸ ︷︷ ︸
≥0

1

(1 + Ekj(wk·))2

[
wkj
βkj

∂Ekj
∂wkj

+
∑
l ̸=j

wkl
βkl

∂Ekj(wk·)
∂wkl

]
︸ ︷︷ ︸∑

l∈J
∂Ekj(wk·)

∂vkl
=−

∂Ekj
∂vk0

≤0

.

Notice that the second term after the equality holds because, as discussed earlier, we have∑
l∈J

∂smj(wm·)
∂vml

= −∂smj(wm·)
∂vm0

. Therefore, we can write:

wkj

βkj

∂δkj
∂wkj

−
∑

m ̸=k or l ̸=j

wml

βml

∣∣∣∣ ∂δkj∂wml

∣∣∣∣ = wkj

βkj
+ λj

{
−
∑
m ̸=k

[
∂ℓmj(wm·)

∂vm0
+ 2

∂ℓmj(wm·)

∂vmj

] ∣∣∣F j
km(ℓ·j(w))

∣∣∣
+
∂ℓkj(wk·)

∂vk0
F j
kk(ℓ·j(w)) + F j

k (ℓ·j(w))
1

(1 + Ekj(wk·))Ekj(wk·)

∂Ekj
∂vk0

}
× Ekj(wk·)

1 + Ekj(wk·)
.

Without additive separability in the production function the equilibrium can be unique if
the RHS of the latter equality is positive. A sufficient condition for it is that{

−
∑
m ̸=k

[
∂ℓmj(wm·)

∂vm0

+ 2
∂ℓmj(wm·)

∂vmj

] ∣∣F j
km(ℓ·j(w))

∣∣+ ∂ℓkj(wk·)

∂vk0
F j
kk(ℓ·j(w))

+F j
k (ℓ·j(w))

1

(1 + Ekj(wk·))Ekj(wk·)
∂Ekj
∂vk0

}
≥ 0

for all w ∈ Tϵ.

B.3. Proof of Proposition 1.

Lemma 2. Under Assumptions 1, 2, and 3, δ(w) is generalized nonlinear diagonally domi-
nant on Tϵ.

Proof. All partial derivatives of δ(w) exist and are continuous. Let’s Jδ(w) ≡ δ(w)′ be its
Jacobian matrix which is continuous on Tϵ. δ(w) is Frèchet-differentiable on Tϵ then it is
Gâteaux-differentiable on Tϵ which is a convex compact subset of RKJ . In case 1 of the
Proof of Theorem 2, we show that Jδ(w) is a generalized diagonally dominant matrix in the
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language of Gan, Huang and Gao (2006) for all w ∈ Tϵ. The proof is complete once we
invoke Theorem 8 of Gan, Huang and Gao (2006). □

Lemma 3. Under Assumptions 1, 2, and 3, for any w ∈ Tϵ, and kj = 1, ..., KJ the
following equation in xkj: ψ(xkj, w−kj) ≡ δkj(w11, ..., w1J , ..., wk,j−1, xkj, wk,j+1, ..., wKJ) = 0

as a unique solution x∗kj.

Proof. In the case 1 of the Proof of Theorem 2, we show that ∂ψ(xkj ,w−kj)

∂xij
≥ 1 > 0, then

ψ(xkj, w−kj) is strictly increasing in xkj for any w−kj ∈ Tϵ. In addition, as can be seen in
the proof of Theorem 1, ψ(ϵkj, w−kj) ≤ 0 ≤ ψ(λ̄F̄ ′ − ϵkj, w−kj) for any w−kj ∈ Tϵ. This
completes the proof. □

Under Assumptions 1, 2, and 3, and if Lemmata 2, and 3 hold, we can invoke Theorem 18
in Frommer (1991). Remark that both underrelaxed Gauss-siedel and Jacobi iteration are
special cases of the asynchronous iterative methods discussed in Frommer (1991) Theorem
18. This completes the proof of Proposition 1.
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